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Let X be a smooth n-dimensional Fano variety. Let G ⊂ Aut(X) be an arbitrary
subgroup. Then the αG-invariant of X is defined by

αG
(
X) = sup

λ ∈ Q
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D
)

is log canonical for every

G-invariant linear system D ⊂ | −mKX | and ∀m ≥ 1

 .

In this note, we prove the following

Proposition 0.1. Suppose that G = N oϕ Γ, where ϕ : Γ → Aut(N) is the group
homomorphsim defining the semi-direct product between groups N and Γ. We assume
that

• Γ is a finite group;
• for any N-invariant linear system D ⊂ | − mKX |, there always exists an N-

invariant divisor D ∈ D.

Then we have

αG
(
X) = sup

λ ∈ Q

∣∣∣∣∣the log pair

(
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m
D

)
is log canonical for every

G-invariant divisor D ∈ | −mKX | and ∀m ≥ 1

 .

Proof. Let D ⊂ | − mKX | be any G-invariant linear system. So in particular, D is N -
invariant. Then by assumption we can find an N -invariant divisor D ∈ D.

Now for any γ ∈ Γ, we claim that γ(D) ∈ D is also N -invariant. Indeed, for any point
y ∈ γ(D), there exists x ∈ D such that y = γ(x). So for any h ∈ N , we have

h(y) = h(γ(x)) = γ
(
ϕ(γ−1)(h)(x)

)
∈ γ(D).

Thus γ(D) is N -invariant as well.

Now we put D̃ := 1
|Γ|
∑

γ∈Γ γ(D). Then D̃ is G-invariant and

lct(X, D̃) ≤ lct(X,D).

So it is enough to look at G-invaraint divisors.
�

Example 0.2. We take G = C∗oZ2. Note that any C∗-invariant linear system must have
a one-dimensional sub-representation. So the assumption of the Proposition is satisfied.
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