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§ Motivation

• Kahler - Einstein problem

Let ✗ be a opt Koihhermfd of dim n .

Let } be a killer class on X
.

Question : Is there w*E 5 at .

Ric(w*1=bw*forsomebER?
41×7 =L { w }

.



• The complex Monge - Ampere equation

(✗
,

w ) be Cpt Keibler
, of dimension n

.

dd'=f¥÷
.

Define Jfw :=/ 4 C- C- ( X ,
IRI / log : = wtddip > of

let dv be a smooth volume form on ✗
.

The KE problem is related to the following equation :

(w+dd'yi=é"d (*),



• known results for (wt dd 're )
"

= e-
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duo
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.
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Aubin .
Your

,
705

.

② > = o Yau 705 ( Calabi Conjecture ): I

③ A > o :
There are obstructions !

"

÷i÷÷÷÷÷÷÷÷÷::i::÷±
In what follows we assume J > o

.



§ Ding functional

• Define for b > 0

D
>

( y ) - I log /✗ e-
↳ du

- Ely ' , Y c- Hw
.

there Ely) is the Monge- Ampere energy ( Aubin-Yan functional)

y ÉwyiawmiE'9) = 1¥ /
×

i=.
i V=f✗w " .

* If y is a critical pt of D ? then

y sobers @+ oldie )
"
= e-

☒
dv

.



•Pwpern①
gyp 4=0 .

- EU) = d⇒£Y , 0 !
① Damas distance

we say D
'
is pwpeyaera.ve if¥É! a > . a.

D
'
(e) Z E ( Sup 4 - Ely ) ) - C forty c- Hw

.

a. Thm_ ( BEGZ variational principle + Szekelyhidi -Tosalti )
regularityLfD>isproper,then(*)gadnñtsac•sohetionf



§ Analytic Thresholds
Moser -Tradinger type inequality.

• Tian 's 2- invariant /
✗ ( {w} ) = sup / d > of sup /

✗
e-

✗ 14 - sup y )

teeth.
oh < +a }

.

It only depends on the Kahler class this
,

and
.

• Tian 's criterion
:

D>ispwperforb<n÷xldw
For K "# d

,
one can solve 1*7,

.



• The (analytic ) 8- invariant lz.no )

8
"

( tw} ) = sup / I > ° / sup f× e-
"4- E'" '

du < +a]
YEHW

JA=p . ⇒ ✗ is

K-semistable.pt#z-C.fEFm-ZkPH-stwm-WankuBBEGDisp--o"

> >

•

Fact
: |JAzn-÷#←

The proof is relatively easy , by using

Jensen's inequality and Calabi-Yau theorem
.

✗ = Rip?This exp criterion holds
. }= c.tk )

.

Then 4=4, , 8=8
"
=p

.

• Question
: Dowehauedzn48A7@E.is optimal .

( 2,2020 )
This is known to hold if we c. (L) ,

L ample .lk . Tujita )



§ Valuation Thresholds .

• Let Y Is ✗ be a proper bimeroma.ph
:* a morphism

and E- c- 'f be a prime divisor (
reduced

,

irreducible of oodiml ?
Such E is called a divisor over ✗ .

E induces a valuation on KCX ) :

-

Orde

for a meromorphic function f
on ✗

,

can measure

the order of zero/pole of f- along E.



• There are several
"

functionals
"

associated to E C- Y

¥Let 3 be a Kahler class on ✗
.

Log discrepancy : AxlE) : = It orde ( Ky - * Kx )

pseudoeffective threshold :
T
} (E) = sup / ×> of -11*5

- ✗ E big J
.

I
} (E)

expected Lelong number : S, (E) =¥f
.

Voll -11*5 - ✗ E) dx

• Rmk_ These notions are fisted defined by algebraic geometers
for projective mfds , but they make sense for

Kahler mfds as well
.



• The evaluative formulation of 2- invariant

Prop :
Let 3 be a Kahler class on X

,
then

±I=i¥g×A×cI
} (E)

Sup / bro :S e- b4 < + no } =infltxk-7.IE/xVH, E)
Rmd :

When 5- GEE Fort L ample
,
this was due to Demailly ,

The general case follows easily if one uses the

valuation criterion of Bouchsom - Faure- Jonsson .



• The naheatiue 8- invariant :

8m:=¥k,¥¥ 1m "
m→x

8m → 8

• This invariant was first introduced by Fujita- Odaka
in the Fano case and later further polished
by Blum -Jonsson

in the projective case .

• Conjecture : One has 8
"

(g) = 8137
( 2,2020 )fortkiihherdass.IT



BBJ ? cpnz .

18
.

If ✗ is Fano
,
3 = 444×1

.

And of - kid a- 1
.

Then 8 tkx ) = 8
"
tkx ) = greatest Ricci

lower bound



Tfw
an

Bm m→•
.

• Known results -

¥8m = SAM m→x

① (Zion )%=twhds if 3 = 4cL )

The proof relies on quatization methods going back to Tian .

-

②
(Darras-2,2022) FzI
For general Kohler class 9

,
one has

8(})=ap{d>°|¥m¥¥-zoforfgeodesicray%←
- -

This implies : JA(g)E
#
If ✗ is Fano and 81-141>1
then ✗ admits KE .

The proof relies on pluripotential theory



• Consequence : We have an affirmative
answer to the question :

dl51Z÷,8%
Proof : It suffices to show

£8

inf¥É÷minf¥✗ (5) 7 ¥ 819 ) E E

It is enough to
argue that

when 3=414
,
this was

Sf E) Z ¥ I } (E) .

observed by K. Fujita .



• One can compare S and I

using Okounkou bodies !
-

• In our recent work (Darras - Reboutet -Witt Nystrom-Xia-If
we established. a theory of transcendental
Okounkou bodies

,
which associates a convex
-

body a Epi to a big class 5 sit
.

Voll 97 = n ! Volpe ( Ll )



• Given =L over ✗
,

can construct Okounkov

body d in such a way :

^

I
1 ! f.(E)=÷,J.VN#s-xE)dx

"""
""

'

:

i
,

__ first coordinate of
the barycenter of O

l
"

i. Brunn- Minkowski : S}(E) 7 ¥1T}(E)
.

I >
I}lE) ✗ I



Thanks for your attention!


