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• 1.245
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"

be a domain ( open & connected subset in e)
let it' , -- -

,
E) be the standard complex coordinates of d

"

.

Put zi = Xi t E, yi
.

• Define 2 & J as follows .

i : = I l#i - fi Fyi )
& fydzi =

dxi t ft dy ' for y ⇐ i ⇐ n
.

¥. : = -21¥ + ft Fyi ) .

DE = dxi - E,dyi
n

Then 2 := E Zz, ④ dzi
i⇒( j : = E Fei ⑤ DE'
i = I



More concretely , for A f E C
'

( R , e ) , we have

faff! Z÷3¥ dti-E.CI#dxitFyidyii--r-iFidyi-riqIidxi).3¥. DE = I ? ( ftp.dxi-t#idyitr-iEyidxi-rafIxidyi )
As observe that

2ft If = df = ? dxi +2¥. dyi ) .

Namely , 1d=2t2T
-

* as We call f- E C '

(r, e
"

) holomorphic if f satisfies

If = 0 , ie. if we write f- = UtFIU then

?@zin.dxitEi3FidxitZidyixrtHqidyitfPYq.dxi - 2¥. dxi -ri Fx.- dy't F.dy o

⇒ 12¥. -- Fyi is it n .

an

Fyi
= - 2¥,

for t

this is calledcauihy-thiemannequatiou.TN
particular , if f is holomorphic ,

then f is holomorphic in each

complex variable ( as
a one- variable holomorphic(analytic function )

.



• 2 Cauchy integral formula .
a when n -- I

,
assume that r is a bounded open set in C sit . 2h consists of

finitely many C
' Jordan aureus .

Then for ht u c- C.Cri ) we have
u = Tai ( far dt-ffzHE.dz note ) for t ZoeR .

pf : By definition

SS.EE?.t:F=E.:ffn....,Eeoh-nI(Z- Zo)

=÷÷÷÷=t:I↳i¥:÷
'

- hi:( f
.
.
..
:÷

.

- 1. ¥.)
-

- hi:b
...
!"i¥. . - San :¥.

= 2hft Ueto) - SzgU¥z.
This completes the proof . I



• The above formula has several consequences .

① when f is holomorphic ( na ) one has

n= , ( f-(Zo ) = Thi Jae fzy
.

de
,
which the classical Cauchy integral formula .

③ when f E C ! (r) , then

fit ) - ¥iSSn*f dzadt poly disk
t,

h? I - ③ For general uzi , if f is holomorphic on {Hi , -- a. Zn)EC
" Itzik ri , it , -u, n f E : ID
- K

=
'

.

"

, n

r = (ri , . . - , rn) EHRthen ties '=⇐Tf⇒
.

" f.
*
t.IE:7#eiTdt---dt

¢ in - foot f- is: 5) ED
.p

This is the Cauchy integral formula for holomorphic functions of severed cpk vans

• Def : We put Old) : = { holomorphic function on R f .



• The
.

The following are equivalent
① f E Ocr )

③ f satisfies the Cauchy integral formula for A polydish Dr E R .

③ for H to ER , F poly dish Dr around to sit .

f-HI = Z Av Cz - 2-of namely f has a power series expansion
VE IN

h

• Rink In ③
,
an. is given by

au = u÷vI¥F÷zI! Zo' Dufezo) ,
which is indpd" = ⇐it !

.
."..

" f.
⇒*

it" " d" of the choice of polydisa
as long as 1h41

.

This follows from the taylor expansion
→ a=¥u=E⇒¥÷ii⇒?

u

•Come
. If f-HI=3 ARE two

convergent power
series around o E C

"

I gut -- I but
& if f = g over some small

abhd V E C
"

containing o

then au = b v .

( Since ar & b . are determined by the infinitesimal information of flagaround o
)



•The Weierstrass 's Convergence theorem .

let { th g E OC r) be a sequence of
had . functions on R

that converges uniformly to a function f . Then f E OCR ) .

ply : f = him fu = him Ez, des = f. . . J ¥, des = has power series expqnzsion .

•Thy . For fi , fs E O CR) , assume that for some U ER

fi Lu = f al u .

then f
,

= fz .

Bf : put N : = f toER set
. DF, H2 # Duff for f ve IN

" J
.

Then N is clearly closed .
& U E N

.

N is also open as Duffy =D
"

facto) implies that f, = fz around to .

Thus we must have N = R .

•↳ Max principle ) . If f E Ocr ) & Z Zoe R sit .

If I is locally maximized at Zo , then f is constant .

Rft . Consider complex lines through Zo & use max principle of 1-uariwq.sk.+ .

÷H Using mean value formula of f & using the fact that.FI#yf..toIafgi-qGons&
exam



• Thin(Hartogs thin ) Assume that n22 -

let r be a domain & K E R a compact subset set . RIK connected
.

Then H f e Genk ) can be extended to a function f- C-Ocr)

ft . f -- f ou MK .

Bo This is obviously not true when u=L .

Af : choose a cut- off function y c- C.(R ) set .

if =L on a nbhd of K .

Consider

f. : = c '- y ) f .

Then foo ECT C C
"

)

B.at L : = I fo = - f 54 , which is a CI- can form .

Obviously ,
2-2=0 . If write D=?Li DE

then
aft. = 07¥ for ti . j .

Put UCH = ÷. ffa t.IE#mdeadE for t ze r .

= Em. Sfrm+"" dead-i
fo in particular u E Cf & we have

JUHI
TE - TaiJJ! de , de = ancz, by County integral formula .



Thus u solves Ju -- n . ⇒ Il fo- ul - o

Tv.in?jIhfaEYuEoOolan open subset of elk ,
thus E -- f on an open

Ifo=f
subset of Mk & hence § = f on MK ( as MK is connected)

This completes the proof . I .

• We end this lecture by giving the definition of meromorphic functions .

f- is called a meromorphic function on r if I open cover f- U Ui
and fi . gi E Oe Ui ) ft. f- = fig on. Ui


