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• Throughout , X will be a topological space .

• Motivation : consider open sets U E V E IR
"

.

€#gt tf 7g:!?oofonV . Then certainly
U

g is not smooth on V but it is

smooth on U
.

So the information of smooth functions on U is richer than on V
.

• Def ( Pnesheaf" of group(ring/moduk )
A presheaf F over X associates each open U EX
a group(ringInvolute FLU ) sit. the following holds :

D For f V E U
. F ka homomorphism

VI : Fcu ) → FCV )
H - r Y -- id . ESE : L. (0/1 = 0

.

② For tf W E V E U one has

rj orY = row
.

• f se f. (u ) is called a section of f- on U -

• Example put rIcs) : Slv
.

① Constant sheaf . Let G. be a group . Define a pnesheaf F
in the following way = foot connected open u ,

F.cut G
. Fx = G V xEX

.

② skyscraper : let p c-X .

let G be a group .

FLU ) : = ly G . PE U G
o p Ef U .

7. = I
° HP # x

G x=p



③ Two skyscrapers : Given ptf EX .

let G be a group .

µ IG5- ( U l : = f
G
,
b or q E U

o p & q Cf U .

¥ !}to this, pig got sky
.

#

Gi X=p
Ga XE of

④ preshcef of functions .

(et X : = R E R
" domain in Rh

.

for f open U ER ,
let

FCU ) : = f continuous functions on U J
.

C
'

,
smooth

, analytic , bounded .

⑤ pneasheaf of holomorphiclmaoomorphiafunctions .

let X : = R EC
"

be a domain in ch
.

For t open u e R .
Let

Ol U l : = f holo funet . on u y
.

Ox =fP%EraEFg !
M (U ) : = I meromorphic funet . on O Y

.

*
( u ) : = f holomorphic funat. w/ no zero on u)

.

B cu ) : = f bounded holomorphic function on u g
.

⑥ Ideal presheaf . let X : =D
.

I l U ) : = f OlU ) ,

o at U

{ fetus Ifla-- o ) .

O C-By
-

= Ox
,
Xfo

.

flu 7 is an ideal of Ol U ) .

2x - IfeOxlfcoto)



• Def A sheaf F is a pnesheatf which satisfies
the following two additional axioms

(A) If for s , t E F CU ) F open cover U = Ye
,
Ui

sit . Stu
, =
t lui for f ie I then S ⇐ t .

(B) Tor open corner U = ¥ ,Ui & Si E L l Vi )

sit - silo
,ng

.

= Situ
, n y.

for t i- j E I

F SE FLU I sit . Stu , = Si fi .

CA) tmeans that A section is uniquely deter
its local information
-

mined by

437 says that t compatible local sections glues
together to a global section .

In the above examples ,

check that

③ two-skyscraper is not a sheaf .

⑤ B is not a sheaf
• Germ & Stark . let L be a presheaf .

Gta point . Toot two open u& u both contains p
we say s E F CU ) & te FCV) have the same gym at p
if F W E un v containing p et . Stw = tlw .

In other words , a germ at p is an equivalence class

of sections : { Sue FCU ) I p tUK where

Su ~ Sv ⇒ 3-pew E unv Et . Sulw
= Sv ) w .

b

e.g . o c-REC
" connected

.

For f & G E Gcr) w/ the same

germ at o ,
one must have f =L oarIn general . f- E GCU ) & g e OC V ) have the same germ at Oe bnuist f I g home the same power series expansion at •

.



Fp : = f germ at pl
.

This is called the stalk

of f at p .

a. Note that for f open U containing p , there
is a naturel map FLU) → Fp

s i- sp .

Sp is the germ of s at p .

• Fx→ Do =L convergent power series around o Y
.

③Compute the stack of all the previous examples .

• Sheaf. cation
¥ be a pnesheaf . Then the sheaf'cation of
L
,
denoted by Lt is given by

Lte us :=L Hart FEELEY.?sfIsYE¥eeuµ
. Show that Ft is a sheaf .

iSo there is a natural inclusion L ( U )- F.
+

( U )
.

• ex. when L is a sheaf .
then one actually has

FLU I Flu )

Example
• for two skyscraper µ ,

z) (v , 3) cannotI 21
be glued in few u v )

z
•

• 3
( U , 2) & LV , 3) give rise⇐q to a section in JetWw)

b v



• Tn what follows , whenever are nnaoet a preheat , we
will replace it by its sheetcation , ie. . we will only
deal w/ sheaves in the rest of this course .

•# .
let L & G be two sheaves

We say y is a sheaf morphism from F to G

if for f open U ,
I morphism

Yu : L cu )→ Gcu )
sit

.

the following
diagram commutes for t V E U

Qu

L L U ) → G cu )

r:b
a tr:

fl V )
- Giv )

we call j is a sub sheaf of G if he is inclusion for awn
.

• Given a sheaf morphism f : L- G .

① Kerry is given by Kerry (U ) : = her Yu .

e Kerry is indeed a sub sheaf of L .

C

② Tenny is the sheafication of the pnesheeef given byHmm
u

• Guinn a sub sheaf L E G .

Ghg is the sheaf cation associated to {
"

%co§
• Defy ① We say e:L→ G injective if Kerry = o .

③ We say l :L→ G injective if Gfhny -

- O
.



T FA E

• Poop : D y :L → G is injective
③ Yu : Fw ) - G W ) is injective for f U

③ y× : L
×
→ G

×
is injective for tf*X .

• Prop : TFAE

① y :L → G is surjective
③ Forf re Gw )

, I open cover G- UVi
& SiE f. (Ui) St . Z lui = Yui ( si )

.

③ 4; f, → Gx is surjective .

• We end this lecture by defining exactness .

let L
,
G

,
Q be sheaves

.

Then
o→ g b G Es Q → o is called

an short exact sequence if

① a is injective
③ p is surjective
③ kerf = Tmd ( as sheaves )

• Prof . o → L b G b Q→ - is exact iff
°→ L

,

E's G
.
Is a→ o is exact forth .



*

Hawk : coherent sheaves
.


