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Outline
• Definition of complex manifold
• sheaves on a complex manifold .

• ( Almost ) complex structure

• Ip , f) -forms
• 285- operator

• Def_ ( Complex manifold )
bet ✗ be a differentiable manifold . A holomorphic atlas
on ✗ is an altas I i.⇒ of the form Qi : Ui = f. 10;) EÉ
such that the transition functions
Pij : =eioej : 9- ( U inUj )→ Yi Lui nUj )
are holomorphic .

The pair is (Ui ie;) is called
a holomorphic chart . Two holomorphic atlas Hui, pitor a holomorphic coordinate system .

& { Wj , Qj) ) are called equivalent if all maps
eioiej : Ij

'

cuinuj )→ Yi Cui nuj) are holomorphic .

Such a manifold is called a complex manifold of dimension n .

It is automatically a differentiable manifold of ( real) dim KIKI:
A complex mfd is called connected/compact/simply connected, etc .
if the underlying differentiable mfd has this property .

• Deaf . A 1-dim cplx mfd is called a curve

A 2- dim cplx nmtd is called a surface
A 3-dim cplx mfd is called a threefold ( 3- fold)

• Examples

① ✗ = In

② it open subset of a cplxmtd is a cplxmtd itself .



③ Thiemann sphene ICU It a] E S
'

= ep
"

.

c rational curve)

④ Riemann surface

☐

e

-

⑦
(Algebraic curve )

genus elliptic aware .

④ Complex surface . F-EEZ

product : CP
'
✗CP

'
lattice

82 ✗ 52

Hopf surface s'✗ S3 ±
I

action is defined by ⇐⇒⇒¥ ,

"
Zz)

⑥ Complex projective space EP
"
=
①
""

Y°Y~ .

Ui =
. i. ÉÉI , - - - ,¥:)

⑦ Grassmannian mfd .
bet U be a complex vector space

of dim n-11
.

Then the set

Grkcv ) : = { we V1 dimew)=h ]
can be endowed w/ a structure of cplx mfd sit. dim Grucvtkkhti-4

• Beef. bet ✗ be a apex mfd of dim n .
let Y c- ✗ be a differentiable

submtd of real dim 2k .

Then Y is called a qplx submtd

if F holomorphic atlas { (Ui,ei) ) of ✗ such that

Qi : Ui n Y E- QiLui ) nick%
where it is eenbedded in C" via (ti, . . .,Zn)→(2-iiitkii;D

Namely , locally F hot . coond.ca , --
-

, Zn) S.t.

Y is cut out by Zn+, = .. .
= 2-n = 0

.



• A complex med ✗ is called projective if it is
isomorphic to a closed complexionsmfd of some
complex projective space epn .

• Beef . A function f :X→ ④ on a cplxmtd
is called holomorphic if foie? : Kiwi )→ ☒
is
a holomorphic function for chart Cui , pi ) .

• Thy
.

A holomorphic function on a opt eplxmtd
must be a constant function .

pf : Bymax principle we know that g-= Co for some C. c-C
around the Max point of 1St

.

Then let
☐ : = { ✗ I Dhfcx)→ for the> I } . Then clearly I is closed .

& non-empty .
D is also open by power series expansion .

So R =✗ as ✗ is connected .

☐
.

• There is no compact complex submtd in IN
with positive dimension .

pf : bet * c- IN be a opt cplx wood .

Then the restrictions of 2- a ,
. . -

,
2-n on ✗

-

must be constants so in particular ✗ is a pt .

☐
.



• Some sheaves on cplx mfd .

d. Ox structure sheaf
OXCU) = ( f : u → e holomorphic }

.

a. IN sheaf of meromorphic functions .

MW ) = { f- : }
3- open cover huiy of U sit . Hui-_¥i for
some Si , hi c- OfOi) .

3. 0¥ sheaf of holomorphic functions vanishing nowhere .

4. Y C- X qrlx submanifold .

Ig : ideal sheaf of Y.

Iy CU ) = f f c- 610 ) / f = o on Un Y }
.

We have an exact sequence
0→ I,

→ Ox → Oy → 0
.

• If ✗ is apt cplxmtd , then

TLX , 0×1 = H° ( X , 0×1 = C .

• However
, Tex ,A) = : K(X) , the spaces of

meromorphic functions on ✗ could be really large .
In fact KIX) is a field extension over C.
the transcendence degree trdegekcx) is
called the algÉn of ✗ .

• ( Non-trivial fact) One has trdegekcx) C- dim✗ .

Also note that it's possible that trdegekcx)=o . namely
there is no non-trivial meromorphic function .
e.9 . ✗ surface of class VI.



¥:* When trdegeklx) =dim✗ , ✗ is called Moisheson .

•¥# which is equivalently to saying that X is bimeromorphic
to a projective mfd . ( if ✗ carries a big line brindle
In fact after a sequence of blowups w/ smooth enters
✗ can become a smooth prog . mfd )
✗ is Moishewn ift it carries an integral Keibler current .
A Keibler Mfd is Moi shewn if it is projective .

• The biggest difference between differentiable mfd & cplxwfd
is the complex structure , which plays the role of

"

Fi
"

.

• For a qlx vector space V of dim n ,
one can think of

it as a real vector space of dim 2h . Namely , if
fear , - --

,
en} is a d- basis of V then

fer , - - -

, en ,
En ee

,

i - i

,
Fi en } is an 42- basis of V .

One can then think of it,
"

as an R- linear transformation .

And we have fi of , = - id .

a- If V is a real vector space w/ an R- linear transformatin

J: V→ V Satitying J
'
= -id .

Then I is called

a apex structure of V . We can then equip V4
a structure of cplx vector space by putting
(a +fi b) - V : = an + bjv for -V a+fib C-C.

Note that V must have even real dimension
.

In fact , better , - - <

,
ei be a e- basis of the above cplx spare

their fee , . - . .eu , g ee , .
.

•

,Jen) is an Rr basis ofthe original
real vector space . So in particular its even dimensional.

<



• If ✓ is a real vector spare then we can

make it complex by putting VC : V⑤☒R .

Namely if {er , - . - , erg is an R- basis of V then
{ er , . . - , en , Fier , . . ; flea } is a C- basis for Vd

• Now let ✓ be a real vector space of dim M w/

a oplx structure I. Then one has

VC = ✓
' ' °

④ V
"'

,
where

✓
' ' °

= { ve VAC sit
. Jv =☒v ]

✓
"'
= f NEV ④ Sit . Ju = -5-1 V ] .

If { on , . - < , en , Jer , . . -

, Jen ] is a# 112- basis of V

then fei - fi jei }?
= ,

is a C- basis of V
" °

{
{ ei + of Fei ]i= , is a d- basis of V

"
.

More generally for the p -th wedge Nive
one has np ve = ④ V

r 's

rts=p
where Vr 's is generated by elements of the form
wnv W/ WE N V' '

°

& we NSV
" '

.



Example
• Applying the above argument to differential forms

on C
"

,
we let V =Spanpnfdxi.i.dxn.dyi-ilyYehenve_Span@lvhii.idxn.dy'

iidy
"

) where

J is defined by jdxi = - dyi{ jdyi = dxi
.

Then v10 = spanefdxi-T-adyilf-spanefdti-i.dz" ]
&
v0
"
= span@ fdxi -o-idyif-span@fdEiiidIn1.so

in particular t complex 1 - form D= a;D✗" + bjdyi
can be uniquely decomposed as 2= ✗"

° +2%1
W/ 21" = fi dzi +gjdzj for some fi , Gj Ithaca pmiion
More generally, tf complex p- form ✗ can be

decomposed by ✗ = Idris w/

drs-Iaz.gd-ih.dz?r+s--pI--(ii,-..iLr)J--Cjii-.js
)

.

• Let ✗ be a differentiable mfd of dim 2N
.

Assume that there is a morphism j : TX →TX
satisfying g- = - id .

Then J is called an
Almost complex structure of ✗ II.

Saux must be orientable
.

prove this using

This j also induces a morphism on TAX .

so complex valued p - form 2 on ✗ can be

decomposed cw.int. F) into ✗ = 22h5 .

r+s=p
In other words

RP = ④ Rrs
rts=p J .



there RP denote the sheaf of complex
valued p - forms on ✗ & Rr's is the

sheaf of ✗ is) forms want. J .

J

• We define the operator 2 & -2 (again
w
.

#j)

by belting a := (d)
""s

: rigs → I
"s

C J
L J : = (d)

"Stl
: rigs → rr.siJ .

This is defined for r >Sso .

• Deaf . We say J is integrable if D= 2+3 .

• it complex mfd has an integrable complex structure
given as follows : locally (z

'

,
- - -

, -2-7
, using the

complex structure in the prÉÉÉus"xample .

So I = • ¥,☒dyi + Ig; ④ didthis gives rise to a global section of T*M④TM
e.× . Check that f- such defined is integrable .

Namely , for tir.si form ✗ , of✗ = I
"'s
+ grist

.

• Conversely ( Deep result dneto Newlander-Nirenberg )
An integrable cplx structuredetermines a unique
structure of complex mfd for✗ whose associated
apex structure is y itself .

• J is integrable iff the Nijenhuis tensor

Ng Wil ) : = [u , "] +JUJUN]FLU ijv]) -[Ju , Ju]
vanishes identically .



• Big conjecture . Is there an integrable complex structure on Sb?

¥¥•\ Let ✗ be a cyst apex surface (so dim ✗= 2)
Assume that ✗ c- till

,
I is a holomorphic 4,01 form .

Then da= o . i¥

Pf : Observe that da is a holomorphic car ) form ( 2- d&=o)
Consider d✗ ✗ I

,
which is 4,4 form -

So Stokes formula shows that

0¥ d l da-21=5×5 Idan I ) = -f✗ da nJa .

Using a✗=D✗ , we find that S×dI¥I = o .

Then da = °
, as desired .

e.x.sk"non-negative volume form


