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Holomorphic line bundle
.

Part I & Pant -11
.
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Def
.

A holomorphic line bundle is a holomorphic vector bundle
of rank 1 .

Equivalently , 3- local cover { Ui } of ✗ & 3- holomorphic
function fig. c- 0*10 in Uj ) for V-i.js.to

f-ij
. fjpn = file .

& fi ; = 1
.

-
the above data gives rise to a hole line bundle L by letting

L= Ui Ui ✗% w/ ( ✗, 7) c- Ui✗C & Cy, w)C-Ujxic

satisfying
' ✗i 2- I - (Jcw) Iff ✗= y & 2-= f-g.

W
.

• Let L & L' be two hobo . line bundle . Then one can always
find a common trivialization { Ui } sit . Llui & L' to ; are
both trivialized for all i. bet { fig. } & { gig .] be the transition
functions of L & I respectively . Then we say
L & L

"

are isomorphic if one can find hi C- ①
*( Ui/ forHi

sit. ¥jfij = gig. on Uinuj for + iij .
This is equivalent to saying that there exists a bundle

homomorphism y : L→ [ which gives rise to a
bundle isomorphism .



• them . Isomorphism classes of holo . line bundles are in 1 to 1
correspondence -6 elements in H'(✗

,
0¥ )

.

Pf : Note that H'IX. 0¥) = if
'

CX . 0¥ ) .

For H two isomorphic line bundles L & Li , consider their
common trivialization U = { Uiy .

Then their transition

functions give rise to two elements in Zhu
,
0 * )

, say
✗ & 2

'
. More specifically . ( ✗= { 0inUj , 8ij } w,12'= { uinuj , Fist .gij & jig. satisfying the boydie relation .

µ, g.+ .Since L & L
'

are isomorphic , F fi C-
✗

¥. = &g;→ so that ✗-i c- B
'

CU i 0*1 .

Thus
a & 2

' correspond to the same element in tin, 09
.

So ✗ & 2
'

gives the same
element in Ñ'(✗, O't ) .

This element doesn't odpd on the choice of the coveringU.
Indeed , given another covering N ,

one can find a common

refinementW of V &N sit. L & L
'

give the same
element in (W , o* g. (e.× . check this ) so taking direct limityields a well-defined element in Ñ '4.0*1

.

Now conversely , 4 element in it LX , 0*7 can be

realized as an open covert Uif together we 9g. c-6*(0inUj)
et . Aj satisfies couple condition , which covoresponds to
a hobo . line bundle

.
This bundle is uniquely determined

up G- isomorphism .

☐
.

• Prop : Let Ox denote the trivial holo
.
fine bundle , ie..

Ox ⇐ ✗ ✗☒ .

Then for the hot . line bundle L , one has
a

① L ☒ 0✗ I 0✗ ④ L ± L .Justify
this notationionly defined up to isomorphism.

② L ⑤ E E Ox
.

③ ↳① L, # Lz☒ L $ .



pf : Prove this using transition functions .

☐
.

• pry .

The tensor product & dual endow the set
of all isomorphism classes of holo . line bundles

an abelian group struct which we denote by
PicCX)- the Picard group of X .

There is a natural isomorphism pic( X ) E Hill
,
0¥!

pf : The isomorphism is given by the description of hotel .b.
using coeyebe transition functions .

☐
.

• Consider the exact sequence of sheaves :

•→ i→ Ox 0¥ → 0 .

Then one has an induced exact sequence

→ H'4,0×4 H' ix. 0¥ ) s→ thx , 2) → tiix.at,
11s

,
,

-9

Pic(X) -

- c.

the induced map picky → ring,Z) is denoted

by a . For A RE Pick) , acts is
called the first

Cheon class of L .

• If L E Ox , i.e.
,
L trivial

,
then 9cL) = 0 .

pf : This is direct from the above definition .

☐
.



• However conversely , if 6cL) =o , then L is
not necessarily trivial . Such a line bundle must
come from the image of H

'

CX
, 6×1 → H'(X, 0¥)

,[ which is identified w/ the kernel of c.L
it is indeed trivialas a 9th linebundle.[picard variety ( Abelian Variety)* We will give a different description of acts later .

• Def .

Let E be a hobo
. vector bundle . Then the

first Cheon class a (E) is defined to be aColetE)
.

• Def The first Cheon class of a cplx mfd is defined
to be a CX ) : = a CTX ' '

°

)
.

• Additive Convention Since Pick ) is Abelian,
one often uses additive convention :

Li +↳ : = Li ☒ Lz

[ -L := 4-

Using this convention , one has a (X ) = GC -Kx ) .

{
a (4+4)=614)-161L?

•

I-xampbe-mmtriu.ee# holomorphic line bundle L over Cpa is
fact isomorphic to ①(K) for some ke

.

So the Picard group of ep
"
is isomorphic to 21

.[ This can be proved using the fact Hick 0×7=0, i>°
and the exponential sequence .



• Given a general cplx line bundle L over a diff .mfdx,
one can also define a (2) C- 1-14×4 . Thereare several
different ways to describe act) ( using cells cohomo, connection, topological

country :')We will use céch cohomology .
Let us choose a sufficiently

" fine " covering U = I Ui) sit. on Ui n Uj , the transition
function fij of L can be written as gg . = etui fij

for some Gj c-0(Vij,el . Here f.j.is defined up 6-an integer .
Now the couple condition q.jg.pe ga; =o implies that
fij + fjk + fki = Aijk C- Z

.
So { U inU;DUk , Aijk's

defines a co chain in t.TKUi} ,2) E ti (X ,Z) .
• But the above description is sometimes not adequate for

calculation
. In the view of tax ,R) I tidplx ,R)

it is more useful to construct d- closed 2-forms from
a cplx line bundle .

This is done using connections& curvatures
.

We will not go in this direction in this course.

• The above construction of acts for cplx line bundles canalso be described using cohomology .

bet A
✗
be the sheaf of e- valued smooth functions on ✗ .

let -1¥ denote the sheaf of C-naheed invertible 0functions on ✗ .

Then similarity as in the case of hobo . b- b., isomorphism classes
of qdxl. b. are in 1- I comesp. W/ H'(X,A¥ )
then the exact sequence •→ zi-A.ie#%fE → o

induces a map H'(✗,A*× ) -4 till,z)
,

which yields
the first Cheon class acts for f cplx . b. b. Lover

differentiable mfd .



• Dif Analytic subvariety . analytic subvariety is

a closed subset Y c- ✗ St . for t ✗ c-X F open nbhof ✗ c- U e-✗ s.t.

Y n U is the zero set of finitely many holomorphic functions f, . . . fn £010) .
Apt y c- Y is called smooth if 1- mbhd y c-UEX sit. Uny is a
complex sribmfot . Namely F local hobo . bond. Lt, ...it

"

) aroundys.t.vnY =\ I = . . k- o } . In this case we say Y has codim Katy .

• Note that codim is locally const. on smooth locus .

-

We denote all the regular pot of Y be Yreg .

let Tsing =
'N'reg .

Then Yneg is a cplx snbmtd of ✗ .

Y is called irreducible if Y cannot be written as
'F- Yiu Yz

for proper analytic subvariety Yi EY .

Y = line U point
'

f- Union of two lines

Note that Ysing EY
is also an analytic subvariety of ✗ .

{
Yneg is open dense connected

in Y .

The dimension of an irreducible variety Y is defined by
dim Y := dim Y neg .

coding= alimx- dimY .
• Defy

.

An irreducible analytic subvariety is called a prime divisor .
rirsurface)

.

• Dej
.

A LWeil ) divisor on ✗ is a formal linear combination
D=I ai Yi

,
ai c-2, Yi primedivisor .



• We require the above seem to be locally finite .

Namely fort ✗c-✗ 3- nkhd ✗ c-U c-✗ S.t. # { aifol YinN -1-01}Ctx.
If ✗ is apt , this amounts to saying that Iai

-fi is a finite sum .

• A divisor D=ZaiYi is said to be effective if aizo forfi .
In this case we write Dzo

.

• A divisor is the difference of two effective divisors .

• Defy .

let f- c- K(X) be a non-zero global meromorphic function .
One can define candy(f) for A primedivisor Y as follows :
pick a regular pit y c- Yneg .

Then locally Y is outout by an
irreducible element g c-Ox,y .

Also locally g-= Ie for hit c- Ox,y .

Then ondylf) : = ondych) -oadycl) w/ oadylhl given by f-=good"¥,•eO¥y .this definition is indpd of the choice of y (as ordylf, is locally const.& Yng is connected
.

• For f- c- KLX) , f-¥0, we bet

diuif) : =I ondylfi Y .

Y prime
such a divisor is called a principle divisor .

• divif.fr) =dirty + divef) .
divlfifsl I diufi , i-42 . ← the difference is effective .

• Example of principle divisors
# be a holomorphic line bundle .

Assume that HEX
,
↳ f- o . Then fot-sc-HTX.LI

cuts out a divisor ↳⇒) :=I oodyls)Y G- 0--07=0
then LE Ox

.

e.✗ .

show that ord, is) is well-defined .

fort too 5
, Sz C- HEX ,

L)
,
ls,⇒) - (52--0) is principle ,

as Sys , is a globally defined meromorphic function .



• Let INDiv (X) be the abelian group. generated by Weil divisors .
Then one can identify WDiv (X) w/ HEX ,

KI/0¥ ) .

he algebraic geometry, HIX, 12*10*1 is called the group of Cartierdivisors
On cplx mfd these two notions coincide, but for general analytic varieties
they may differ .

Rf : Given D C- WDiu IX) , locally , D= (Iffi
=o ) fico

ai C-21
.On overlaps Tifiai differ by an element in 0¥ .

Conversely , f element inÑK%* ) locally given by hiEkta.)
w/ hilly. c- 0*coinUj ) .

So oadylhil-ondychjsforlti.j.ttYprime
thus we get a Weil divisor . ☐

.

• So we will simply denote Div CX) = WDiu IX) = HTX , k¥/o¥)
4 DE Diu IX) gives rise to a holomorphic line bundle .

Indeed , think of D as a Cartier
divisor
, one use qui ,hi y

hi c-Kiwi ) to define Gj : = hi/hj as the transition
functions . whose resulting hobo . Line bundle will be
denoted by 0 (D) .
• IX. Show that 0 (D. + Dz ) ¥ 0427 ④ 0472)

• In general it is not true that H holo
. line bundle

L is of the form L I 0 (D) for some D G- Diva!

•¥
.

L ~= OLD ) iff L has a global meromorphic
section .

• ☒mk_
.

When ✗ is prog, Y L is of the form 1=0437 for some D.
Exam_ DID ) I Ox iff D is principle divisor .



• If D 70 .

Then locally on t Ui } one can find
f-i c- 0 ( Uil sit . D= divlfi ) . In this case ,
one sets that ( Ui , f;) itself gives rise to aghabal
holomorphic section in tf( ✗

,
OCD1) , which is

denoted by Sp . It is called the defining section
of D.

• Dry .

HIX
,
OLDD= { f-c-KFX) / dinf)+ D Zo Yolo]

.

01-7 f=o.(zero section)

pg : Assume that D= / Ui , hit , hit K*
(Uil

.

then for Hots c- HYX, OCD)) , s = { Ui ,fi } fi C-Ovi)
Note that fin, = fifty. . So it defines an element
say f- in K*(✗ 1. Then diu (f)+D / = divefit to .

UiConversely, given f- c- KIX) w/ divlfl -11370 ,
may define fi : = f-hi c- Owi) .

Then {Ui ifit
defines an element in HIX,OLD))dhe above correspondence is linear & bijective .

☐

• We end this lecture by showing that GCL ) completely
determines Las cplx line bundle (namely we forget the hobo. stru .)
let Ax denote the sheaf of cplx valued smooth functions .
Then we have an inclusion Ox ↳Ax & 6¥ ↳ -1¥ .

Note that . A isomorphism class of epbx line bundle is in 1-i coneys.
w/ element in H' (X.AE )

.

Consider exact sequences :

o→ z i→ Ox
" '

0×*→ no

•→ z"i→
✗
e¥ '
'

AI → o



This induces

→ H' IX. Ox ) → H' IX. 0¥) → HTX. 2)→ 1-14×0×7→ . . .

f- : forget the hob . structure
z
µ µ

→ H' IX.A.×) → H'4.AI)→Hex,⇒ → tix, -1×1→ ÷
"
o Axis soft . "

o

so thx
, -1¥ ) = HTX ,2) it element in 1-11×21) determines

a cplx line bundle on ✗ .

Moreover
, f hobo . line bundle w/ trivial c, is trivial as a apex line bundle.

Namely locally can find fit -1*1Ui) St. Lj = ¥j .

Part I
↳be a hobo. lime bundle .

Then 1-1911
,
L) can be treated as

generalized hobo . functions on ✗ . They encode rich information!

⑥¥fi ✗ is apt , then for A hobo .
line bundle L ,

It CX
,
L) is finite dimension -

Rf : Define a norm 11 - 11 on 1-19×14 by belting
11s it : = fxhls.SI dv,
where h is a smooth Hermitian metric on L & dv is

any smooth volume form .

then we need to show that the unit sphere
B : = I s c- HEX ,↳ I ask=\ ) is compare 8 lemma .

This follows from the fact thatA higher order
derivatives of a hobo . function can be uniformly controlled
using E- norm . then eftneeds follows from Nievestrass
convergence .

.



• Let ✗ be n-dimqptqlxmfd.at a hobo . line bundle L .
We define the volume of L to be Pm

Volk) : = limsnp ÉñÉ
m→or

We say L is big if Volk) > o .
In this case✗ is Moishewn

.

( so ✗ is bimeromorphic to a prof . mfd ) .

• bet L be a hole .

line bundle over a cptx mfd✗ .

Put Rex
,
L) :=-D Hill , mL) . Here till, • - L) :=H°CX, 0×1 .

MZO

Then RLX ,↳ is called the section ring of L .

Why is there a ring structure ?
For V-sic-kocx.mil/&Szc-H0CX,mzL) , onecan define
Si ④ 52 C-HIX, ☒ itMDL) using local data of L .

¥
. Check this

.

When L= Kx
,
the ring RLX , Kx ) is called the canonical ring

of ✗
.
Many properties of ✗ is determined by the canonical ninny .

• Think
.

It is possible that tf°(✗ ,my= o forf m>o .

When-trample

It is also possible that H°(✗ ,my = 1 forf mzo When 1=01E)
E exceptional

• Example
.

✗= QP
"

,
L= 0 (1)

.

Then HEY, my = { homogeneous polynomials fc2.i.am }
of degree m .And RCX

,
L) = the ring of polynomials in into -variables .



• Let Y C- ✗ be a qlxsubmfd . Then there is
an exact sequence of sheaves :

0→ Iy → Ox → Oy → 0
.

for y hello . line bundle L over ✗, we may think of it
as a sheaf and tensor it wt the above sequence, which
yields another sequence

☐→ Fy☒ L → Ox④L → Oy④L→ °
.

(Iy④ L) ( v ) = { kolo . section sc- LIU) s.it. sky= o } .
Ox④ L E L

Oy④L = the restriction of L on Y, which is a
hobo

.
1.b. over Y.

= [*L where i : Y↳ ✗ is the inclusion .

e.×. Check that theabovesequence is exact as well .

Then one has restriction

o →Him.io#HTX,L)-tVCY ,
it↳→ H'IX. Iy④4→ . . .

Y mis ✗ Is L Then r is surjective if H
"

Hidy④4=0 -

rest := is

• When Y is a cptx submanifold of codim 't , then

IY = O l-Y) .

e. ×
.
check this

.

Hint : 047 (b)=/fetus ,
as sheaves divef)2D}

In this case ,
v is scigectiue if H

'

( X
,
L☒ OGYI) = 0 .

The vanishing of this cohomology group is related to
"

vanishing them's
"

,

which we will revisit in future courses
.



• Normal bundle .

bet Y c-✗ be a qolx snbmfd of dim K .
Then one has an

exact sequence of hog . v. b.

☐→ TY
"

→ TX
'"

ly → Ny → 0
,

where Ny = TX"¥y , .. is called the normal bundle of Y.

In local coordinates , one can explicitly calculate the
transition matrix of Ny as follows :

choose (U
,
2-1 , . - ;zh ) & (V, W

'

,
. .
-

,w
" ) sit .

Uy : = U n Y = { zh
"
= . . . = zh =of

{ Vy : = V n Y = 4 wk" = .. . = Wn = of
bet i.j denote indices in { ii. in } & xp in { kit, -

"in }
.

then one her
:{ ¥. =3w÷±wj + 31¥ Iwa
¥a=3¥→zi + •¥IwP

Notice that 2Nd
Tze EO

on Uy n Vy ,

( w4£, -"it", °, - --,01=-0 on Uynvy)
thus the transition matrix of Tx

'"

ly is
-1T¥ °

4.
v. =\ •÷. ÷÷ )
• If 1¥ %) . 4¥ %) . 4¥ %

,
) = Id then AHA} = B) BzBz = Id .

Here (2y÷. Y is the transition matrix for TY "
°

& (2Wh -1 ' the trans .
⇒ ) is ifion matrix for Ny .

* Here we need to take the inverse as weare computing
using

"

local frames "that give rise to local trivializations .



• As a consequence of the above discussion , one has

dot TX
"

/
y
= diet TY

"

④ diet Ny .

In other words : Ky = Kx ly ④ diet Ny .

This is called the adjunction formula .

• As a special case , when Y is of codim 1, one has

Ky=~(Kx + Y) ly .

Here Ky + Y is understood as Ky④ OLY) , a line bundle onX .

e.✗ . Check that ①CY) /y E. Ny .

transition function
f of OCY)

Hint : W
"
't
'

'
- -it"

, 01=0 ⇒ 3YI-n.lt, . .,z:o) =¥÷ :-(¥ )
"

• Example . ✗= Cp
"

. Y bea smooth hypersurface
cutout by a homogeneous polynomial of degree d.
Then lay ) I 0 (d) . Recall that kx =D C-n -il .
Then Ky I 0th-itd) ly .

• If I = ntl , then Ky E Oy ,
so Ky is trivial.

In this case Y is a Calabi-Yau manifold.

• If d < n-11 , then -Ky I 0in-11 -d) ly ,
so

- Ky = Oy (D) where D= Hua -d n Y
,
Hand is a divisor

cutout boy a homogeneous polynomial of def hit -d.
In this cause Y is a Fano mfd .

• If d> v41 , then Ky E Did-4+111 ly .

Then

Ky E Oy (D) w/ D= H d- inn, n Y.

In this case Y is of general type .



• Hermitian inner product .
Let E -9 ✗ be a cplx vector bundle .

A Hermitian
metric h on E is a fiberwise iftennitian inner product on Ex
for the c-✗ that varies smoothly in ✗ .

Compare this w/ Riemannian metric .

Using local trivialization 1 Ui , Yi } , he is determined by
smooth mango
hi : Ui → PH ( r,d) ← positive definite Hermitian matrices
&

hj = Gig
? hi Gj on Vin Uj , where gij : = di ° %?.

• So if E =L is a apex
line bundle then one has

hj = 19.jp hi , where hi c-0( Ui , R>o ) .

* As Riemannian metrics
,
Hermitian metrics always exist. !

Assume that h
'

is another Hermitian metric on L
,

then

locally , n'j =\ gig. Thi .

So one has ¥
,
= hjg .

Thus ¥ is a globally defined smooth positive functionon✗
So we can write h

'

= e- 01h for some & c-CPH
,
IR)

.

Thus
,
H Hermitian metric on a cplx line bundle is

of the form e-4h ,
where his some backgroundmetric .

Warning : This is not true for higher rank vector bundles .

• Assume that L is a hole . line bundle over a cplxmfdx.
let h be a Hermitian metric on L . Then theChern curvature
of h is defined to be

12h : =-0-125 hgh .



• Fact : Ru is well -defined , since locally one has

r-iaaloghg-r-ios-loghi-r.si leg 19%-12--5-1 b-loghi .
So 5-128 log hi defines a global Ct . 1) form on ✗

.

( e.× . show that 2J log lff=o fort 5- c- 0* ( o) )
• Recall that 25=1 : = }I÷§dzi^dEj .
ok Sime h is real naked

,
one easily check that

In = Rh
so Rn is a real 4,17 form . Namely , in local real coond.
Rn is a real 2- form .

• Also one has d Rh = 0 . C-his follows from 5=52--0)
so Rh determines an element in the deRham cohomogygroap
it
, [ Rh ] C- 1¥(X,R)

.

• [ Rn] is Indpd of h , as a different h is given by
h
'

=he-01 so Ri = Rn + Fibro = Rn + d (-(f))Here 2-2%-4 is a real 1- form . So [Rai ] = [ Rn ] .
• Let '

→ 112 be the inclusion of cookStant sheaves .
This induces a map : thx, z) HKX.IR )

,

which will kill all the torsion part in H
'

ly
,z) .

(Fact : 1-14×1/2) = free part ⑦ torsion part )
• Facts

.

One has [ Ra ] = 2T, j* c, (L)
.

Thm4 in [Wells
book]

Differential AnalysisOne -can compute i.*a(L) using this. identity ? 94 mtd .

In the literature , one often ignore 2-* and identify
GCL) w/ i*G (L)

This is reasonable since GCÉT= i* GIFT fortdivisibleKEN
,.



¥ Pf of the above fact .
We fix a good cover f.Ui } S.t. gig. = flfij
for some fij C- 0C Uij I. Then h is given by 5 hi} H '

hj = I Gij 12 hi .

Note that Igg. [= e-
41T Emfij

.

So one has hghi - hghj = 41T Imfij .
Now

, since fij is holomorphic , it is direct to check thatCauchy-Riemann

¥4-5 ) ( loghi -loghj) = zarak-8) Imfij €-2k d Refij on Uij
so from -5*25 loghi =D (-9-12-5) beghi ), we see that

0 , : = ¥4 -5) ( log hi - log hj ) satisfies
① doi = Rh ② Oi - Oj = 2T d Refij .
Moreover on Uijh , one has

Re&ij tfjktfni) = fijtfjk-fki-i-aijk-CZ.sinee Gj§uJni =/ .
So the armature 2-form Ra induces a cochain 42TAijk} .

This construction coincides w/ the map
HIKX.IR ) → Ñ4X

,
IR)

we discussed in hectare 3 .

☐
.

• It is also clear from the above local construction that
Earn actually yields a cochain in till, 21 ) . So in particular
⇒ Rn is

"

integral
"

,
which implies that

Sx Rh , n - - - a Rh
.

is always an integer, for f

n - line bundles Li
,

- . -

,
Ln & H Hermitian metrics hi, -

. .hn on them .



• Now let us go back to the exact sequence
✗

- . . → H'440×1 → till,0¥) "→ HTX, 2) → . -
•

A hole . line bundle L is locally given by fuinuj , Gj]
5.t.gij.gjn.gr i =\ . One can choose sufficiently

"

fine
"

covering twig
5.t . on uinuj one can

write Sj = É"i*ij for some fij C- 0 ( VinUj 1 .Then
any

clue condition for Jj implies that fijtfjn + f-ki C- 21 .
We put aijk : = fijtfjrtfki . then { U in Ujn Ur , aijk )defines a cycle inNICU , 21 ) .

So it induces an element in 1-144,2/1
.If L is induced from the map 2 ,

then aijn can be chosen to be 0
.

So c. 14=0 in thisase.hn
Since each fij is defined up to an additive integer
aijn is defined up b- an element in BTU,2) .

¥ • In general a is not surjective . But fort 2c- tix,2)
one can

indeed construct a complex line bundlewhose a is 2 .

Using deck cohomology , f✗ is represented by a cycle
{ Wijk in Uj a VR , dijk EI ]

,

sit
. dine- hike+dijk- dijk -0.

One define fig. c-C- ( Uinuj , IR) by betting
f-ij :
= I ✗ijk One where f Oif is a partition of
k unity gubodinate to { Uig

.ahem one has

fij + fjntt f-ki = Ie@ijet ajklt ✗killOl
= I trijk Of = dijk

.

e
so letting gij : = etat'fij

,

one has Gij Gjplfpi =L .

This gives rise to a qslx line bundle on ✗ .



• Example . ✗=Cp
"

.
[= ①C-1)

.

2-c-E-XP? wec=Ñ"
2-W = 1

.

let h = (1+12-12) . Then his a Hermitian metric on L
.

So one has Rh =-5+25 log (1-112-12)

GED C- PIC
"" = -42(¥É )

weequip Otis w/
the standard =

-f, ÉddE€dEadE
Hermitian product

on C
"!

✗+

ftp.y-I-idz-d-C-lz-TJ
.

If we use polar word .

2- = reid
,
then

r-idtndz-S-ifei-odr-r-irei-odoae-iedr-r-ir-eiod.org
= zrdrdo .

£ Rn = -¥hfdg÷ .

This is indeed a real 2-form
It is negatively definite !

-Rn is a Riem
. metric

• Compute _€,Rn=e_I%%÷= -1 .

Thus [ X] • C, (2) = -1 . ( There is no torsion in tic

This is why L is denoted by Oc-1)
,
as it has degree -1 .

A hit := ¥1, is a metric on Oci ) .

Rhi ' = - Rh .

So
✗
Rht = 1 . This explains

why the dual of Oc-17 is denoted by 011 ) .

So a CL) is a generator of H
-

LX,z) = z
.

• Kk is a metric on OC-K ) for t k C-Z
.

& ⇒
✗
Run = In S

✗
KRH = -k

.



:*: E. itf
① Consider the anti-canonical line bundle -Kx .

let h be any Hermitian metric on -kx . Then

¥[Rn ] = c. ( X ) . ( up to some torsion ) .

Note that Lt Hermitian metric on -Kx can be

identified w/ a smooth positive volume form on✗ .

Indeed
, locally onW ,

z
'
,
- .

; Z
") & ( V

,
W
'

,
- "cw

"

) one has

hv =/diet l¥wi;) This .

This implies that

hudz-ix-ndz-%dEx.nndzn-hvdwh-r.adwthdw-ia.xdw.rs
So h defines a global smooth positive ca , n ) form ,
which serves as a volume from .

Conversely t smooth positive volume form D gives
a Hermitian metric on - Kx .

So one can compute a (X) using
volume forms .

Then the Chem curvature Rr is called the Ricci form ofR

② Intersection number . Given n holo .
b. b. Li

,

- ihn

Define 4 . ↳• . . - • Ln :=¥ Rhin Rha n -r - n Run
×

Here hi
,
. . . .hn are arbitrary Hermitian metrics on Li . . . . . Lin, resp .

This definition is indpd of the choice of hi 's (By Stoke's then?
b. One always has 4 . . . . .hn C- 21 since 414 C- 1-14×112)

.




