
Lecture 7

Kohler Manifolds



Outline
i. Definition & examples
2- Basic properties { H

"
-1-0

volume form .

3
.
Levi-Civita connection

4. Curvature f
'

II
4¥

•Setup : let ✗ be a cplxmfd, ay complex structureJ of dim n .

Here recall that j - = -id & g- induces a & 5 operators on ✗
sit . D= a -1J

.
And TXQ = TX' "① TX"I

• Note that ✗ itself is also a diff . mfd so we may consider
Riemannian metrics on ✗ . A Thiem .

metic g on ✗ is called
"

Hermitian
"

if for V-xc-X.V-u.VE T×X , one has

glju.j~7-glu.ru) ;
namely g is g- - invariant .

• Hermitian metrics always exists . This is because locally the standard
Euclidean metric ge on Ci is Hermitian w.tt. the standard cplx store .
So we can use partition of unity to constructglobalHermitian metrics
on ✗

.

In what follows we will always assume thatg is Hermitian.
• why the name

"

Hermitian " ? This is becauseg induces a
Hermitian metric h on the optx v.b. TXR.in the following way.
• steps . Extend g C- linearly to tie
Then we find that glu.vt-ofor-vu.VE -1×40 .

} gin , v7 = o fort it , N C- TX
"

.

• staff . Define h by putting
hey

, v7 : = girl , Ñ ) fortune TXC .

Then his positive definite . & him v7=⇒ .

Hut -1¥ can be written as u = Rell + fi Imu .

Then glu.ir ) = gl RentFinn , Ren-fi Imu)
= ✗ Remit HIM uÑ.



Using h , one sees that Liu , v1⇒ for true toe Tx
" '

so we see that h induces an orthogonal decomposition :
TX 'c = ⑦ TX

" w/ TX
"
1-IX

" '
.

• The Keibler form ( fundamental form) of (X, G,J)
is defined by W : = g j ., . ) .

We will see below that
W is a positive real (1,17 form ,

• Now let us compute everything locally . Choose a hobo wood. It's . . . .tn
write Zi -- Xi + say! Assume that g is given by
G = Gig. dxixdxd-gi.j-dxixdy.si + gijdyi④ dxd

'

+ gijdy"① dyi
Then both 1h;-) & lgij) one symmetry & positive definite & gig =gj ;
Recall that jdxi = -dyi & d-dyi= dxi .
So glj-ij.7-gc.is implies that

g-- gijdyixdyi-g.j-ad.yixodxi-gijdxixdyi-gij-dxixod.in
'

this { 9¥
= Sij

B

D⇒ (fi;) is skew- symmetry .

I =
-B A-

Gij = -9 ij ÷
-G ji

so in conclusion lgij )- lGij) > 0 & (Gif ) = - ( gig.) = - l Lij5 .

Now we write out everything using dzi & dEj .

Rulinggoing in dxi = £1dzi + dzi ) & dayi= - (dti- dÉ) in g we find

of =É(gij(dÉ+dÉ)④ (dzitdzj) - ti gig.- (dtitdE)④ldtj - dzj)
- figig. ( dzi

-dti ) ⑤ ldtj+dzj ) - gig ldzi -dÑ)☒(dzJ
-d→J)]

,

= Td [ Csi; -Gig -Figij -Fifi;)dtixodzj-lfij-figij-figij-gijdtixdtj-lsij-GG.itfigij +Sij) dti-xdti-lfij-r-igij-tr-igij.fi;-)dti④dtj ]
.

= I Yij +Fifi;-) dti dÑ t £19ij - figij ) diixdzj .

⇒ h(¥i , ¥j) = Élotij -15-1Jij ) & heIE ,¥;) = -2%.
-Fifi;-)

.



So as a Hermitian inner product on TX
'

,
h is given by

h = ; ( H
°

,g )
WH- the basis 1¥;;¥ , i:#n }

.

0

We further compute w . Using jdti -- fi dti & Jdzj = -fi dzJ .

W=gtj;-) = ¥ egg- +ragi;-) dzi④dzj - Eigg . -Fifi;-) dÉ④dzj
swap i.jThis computation Etfgij +fig,j)d+i④dzJ -Eilgji -FiGji) dÑ ④dtishows that

w is real, positive
= og egg. +f.gig ) (dzi☒dÉ%dzÉ¥Éi )of type 4, 1) .
= ⇐ lsij +fi gij ) dzindzj . I HT=tT

Put hij := Gj +Figg .- .

Then H : = ( hij) is positive Hermitian .

Note that one can diagonalize hijÑtÉr× a lineartransformationof z' , . . . , -5 .
In this case one has

bij = Hi & Gig = 0 So g is also diagonalized .

g--f
'

a E. a.) 4=1 " -

.
. a.)

.

Thus we find that diet H = g- .

This holds everywhere .
One can alto see this w/o diagonalization , as g= ( ¥3 BA ) H=AtfiB .

So det J = ldetlAntiB) T:(deftly .

Wn w?=W^;- Show that Ggdxhdjn.r.iedxnndy " = g. .

So in particular, w
" defines a volume form on ✗ .

F.After a word. ohange, we have 8 = Idxixdixi-zdyi-xdyi.ggi
-

,

& W = E.dtixDE ⇒W
"

= n! tÉdIndE) A. . .✗ LIL dindin )
i

= n ! dxindy' n r . . ndxnxdy" .

• Since W " is a volume form , it is also a Hermitian metricfar - Kx .
Then the Chem curvature - rizzlogdetw E za GCX) .
So one can compute GCX) using Keibler form w induced from (X

,
G, J ) .

* The above discussion holds for all cplx mfd .



* o÷=%÷÷&÷;÷=÷÷ .

• Def .

(X
, S , J ) is called Kohler if dw = 0 , where w=gt;) .

① For simplicity , a Kehler mfd will often
be denoted by (✗

,
WD when

the underlying cplx struct is fixed; in this setting g = we .>g.) .

& g is called a Kohler metric .

② A optxmfd is called Kohler if I Keibler metric on ✗ .

* • Kahler condition is quite special . Although a apex mtd is
always

" locally Kohler", one cannot path these local Kohlermetrics
using partition of unity , as the d-closedmess is not likely to be preserved.

• Examples

① ① equipped w/ the Euclidean metric Je
is Keiller

.

in this case w = ¥ (dt'n dÉ + . . . + dz "adin)
,

so clearly dw = ° .

② B, c-C
"
is Keibler since W : = fi of log ftp. > ° . Gompkx hyperbolic

metric.

③ It cplx svbmfd of a Kohler mfd
is Kohler

.

④ Assume that L is a hobo . line bundle on a qrhymfd .

Assume that L admits a Hermitian metric test . its
Chern curvature form Rih : = - in logL is positive definite,
meaning that, bonking Rh= r-iai.j-dz.indzj locally ,
(Aig ) is a positive definite Hermitian matrix .

In this case , Rn defines a Kahler metric g :- Rn I ;] . ) .
So ✗ is Kohler. (We will see that ✗ is actually projective )

⑤ Ip
"

is Keibler
.

To see this
,
we consider L : = 0a) on ✗ . Then we

show that h := ¥y..+,znpy- , as a Hermitian metric on L
gives rise to a Kohler metric on Cpn

.

On Uo :=/ 2-• =/ ° } , Rh = Fist log ( It 15,14 - . - +15nF)
,

here 9 i ←¥. . We claim thatRh> 0
.



To see this
,
we use the fact that Cpn is homogeneous

so we can assume that we are computing at [1: o : . . . :O] .
At this ptpu-filds.ad.si + . . . + den ✗doin ) > 0

.

The induced Keiblermetric has a special name, which is called
Fubini - Study metric ,&Rh is denoted as Wps

.

⑥ A cplxsubmfd of ep
"

is Keibler .
So in particular A projective mfd is Kohler .

⑦ SM is NOT Kahler where n > 2 .

Assume otherwise S" admits a d- closed Keibler from w .

Then it induces an element EW] C- tide 15h , 07
Since ft (S

"

,
° ) = H

'

(5%0) = 0 for nz 2 , we see thatDR
W = DO for some 1- form 0 on 82h

.

Thus wn = do a . .
. a do =D london . . . ✗do ) .

So Sgm W" = Seen d London . - idol = o by stokes them ,
which is impossible since W

"

is a volume form .

• For the same reason , Hopf surface ✗ = 5×53 is not Kohler .

At Texas
. If✗ is a opt Keiller mfd , then thx.ph/=oforV-i--0

,
1
,
. - •

, N
.

Pf: ti IX. IR) -1-0 dearly . For ix. consider wi , then dwi=0.

If Wi = do for some@i -i)-form , then Wh= d ionWn
-il
.

So SXW" = 0 , which is absurd . ☒

• We will see, using Hodge theory , that dim H
"

e)
is always even

.

So being Keibler is a very restrictive condition .

In some sense , Keibler is very closed to being
" algebraic

"

.



• In what follows we fix a Kahler mfd (X ,g ,j), whose
associated Keibler form is denoted by W . bet ☐ denote
the Levi-Civita connection of g. One can extend 0 by
d- linearity so that it defines a connection on TXR .

We put for simplicity 2 i :=¥zi & 2g := FE,. . Then 7 is determined

by f Tai 2J = T.j.KZ n + Tijñ 2ñ

\ To:3. = TEY on + Tijñ 2ñ
Tai 2J = Pig? 2k + Ti,?

Zñ\
Tai dj = Tig? 2k + F-¥2K .

SimonT is real
, T.TT= F-jñ , T.it = Fi . Fi = 1¥. & T.IT = F- hj .

So it is enough to consider 7,9 , 7¥ , Ff;
"
& 17¥ .

Sime T is torsion free , we havep T.jh-T.tl?,?--TFi .
We write W = Fiwijdzindtj . I pk =T÷

. Fiji = IFSime §=gI itiiedtjihauweji
dei④dzj ji ij

0 = di Jl 2k , 21 ) = g tha.2¥ , 2e) + 812* , Bride )
g-=

I.it Weg t Tiewnq .

<

Exchanging i & k we have 0=17*5weq-z§wiqaswe⇒ Tied Wnég = The?Wig
.

Thus
§

Tiedwieq = TI. Wu g- = The! weg-
= Tin Weg .

⇒ TiÉWeg = 0 .⇒ F.§ = 0 .

So Tai 2j = Tijk 2k .
On the other hand

= Ziglar , 2-e) = 9 1 02-2k . 2é ) 1-glove . Tai 2e- )

= TIE upe- + TEFWray %é2i
Exchanging * & i we deduce that TÉ!Wu g- = TéÉ Wig .

Using ae- Juri ,on = 0 we find that pjÉwnq=o



Thus Té! = o .

⇒ Ti? = T.ie = 0 ⇒ Bij = 0 .

So finally , we arrive at ¥1? = Tin Wpe-
⇒ Tire = w*&%÷§ .

So the Levi-Civita connection

of g is explicitly given by the condition

{ Tai Jj
= WPI °Yzi§- ☒

p .

% i = 0
.

So using the killer form 6=5-1 Wijdtiadzj
one can easily compute the Christoffel symbol .
This

,again, shows that the geometry ofa Kahler mfd
is completely determined by its Kohler form .

• By abuse of language, we will also call W
" Kahler metric .

"

And locally we will write
W = Fi gig dzindzi .

Then the corresponding Riem metricg is given by
I = gig dz-ixdz-J-fj.DE④dtj .

• bem_ . let him be a Kohler mtd . Then for -Vp c-✗ ,
F local hobo . word . Et

'

,
. .

-

,E) around p sit .
W = Ii 18ij + 0112-14 ) dti ndzj .

Rf : first, one can choose 1W 'i.in") aroundp set .
wary gig. dwindw-jwlfij-oij-TTF.im w

"
+ III.put+Hwi!

Put a ing : = - &¥wn 'pi . Then Aiuj - akij .
We set Zi : = Wi - Iakjiwnwj . Then it , - -

i 2-7 is
a hobo

.
coond

. Gt
. Wi = zi + -12anji zkzi + 011-42 )

so that dwi = dzi + akj ; Zkdzi & d.WI - DIT tasty. Edzt .
Plugging these into the expression of W ,



W =fileijt%ipÑ+¥wipÉ-10 ldtitarripi 2-"d#a(dÉ+asgÉdÉ
=" Vij + E%÷yp -1 auijE-ITYI-ip-a-ej.net +014-17)dt%dÉ .

= 0-1 ( dij + 0112-4) )d.in dzj .

☐

• Coy .

let IX. W) be a Kohler mfd , then for Hpe ✗
F cholo

.

word
. C-

'
i
- i

,77 around p sit .

Paidj
= 0 at p .

Such word
.
is called " Kaehler normal wood . system !

• In general this is not true for cplxmfd !So this is another special proponent of Keibler mfd .

• Coy . If IX , J , J ) is Kohler , then 7J =0 .

pf : Tn Kohler normal word . g- has coast. coefficients :
d- =fpdZi⑤ ¥i -fi dzi④ &z-i ( this holds in

-thoto . woad. system)

& ☐Jlp ) = 0 . Thus 0j=o everywhere . ☐

• j=o implies that ☐ jp) = jpv for f real v. f. V.

• Coy
. If IX. 9. J ) is Kohler , thenqprcu, v1 jw

= J RUN)w.

Rljuigv) w = RCU, V7W .

of :* 8W =

Jl0ua-a0u-0eu.is7w@torVZiqthJU.Jv1.W
,F) = RITU , Jv, Ziw?, g is Hermitian
= RLZ, w, JV,JV)= 12 (Z,W, V, V)
= Rhu , v , t.wl-gpnlu.VNit ) .

☐



• Extending R C- linearity we get a 4- tensor on TX?
For V-u.VE TX

' '°

one has RLUN) =Rtv ,Jv) =-RUN)
So RIU , V)=o . Similarity RLU,v70 for H . V C- TX

"1
.

Thus the only interesting component of R is

Rijki : = J ( R 12i. 2g) an , zj )
This convention is different
from the Thiem. case !

= g(GiPj -7gViper , 2e) = - g 15 .

-(Tiros), 2e-)Assume
a-risijdziadtj. = -TÉ¥ Ssi = - "§÷% g.e-

=
. ?¥* +HE:?÷%;÷ .

• Right Satifries Right = R *ji e- = Riékj =Rnéij

• Define Rig := ght Right ,
Then Riclw) : = it, Rijdtiadzj

is called the Ricci form of w .

One actually has Rip = - grit ¥?Y +gñ9Ñ%÷i
= ¥if gké¥¥_)
= -2¥ log detlgni ) d- closed

so we find that pic (w) = - fi 25 log detw! real Cintora
this in particular shows that Thich) is the Chern curvature

of the Hermitian metric detw on -Kx
.

So we have [ Biclw) ] = 21T GLX)
.



• Thin . let Rid;) denote the Ricci tensor of the Keibler
metric g. Then ① Riclj ;J .) = Riel;)

② Riclw ) = Rid ;-) .

Pf : Tort ✗ it c-FIX , TX ) , one has local
①

frame
Rid]✗ IJYI :=J( Rjx , ei , ei , g-y,

Seif! , orthonormal

= -g ( Rtx,eijei ,
'f)=g(Rlxijeijei, Y)

= Rid ☒ , Y) .

③ We computeusing Keibler normal
coond (E) "it" ) groundp.

Also write Zi = ✗i +fiyi . Then one has ( Using the localcomputation,

f- 2iEdxixdxi_2.Zdyi@dyi.at p .

for J & W )

write ei = Fifi & Fei = Is Igi .
then fee, --yea ,Jee , - .;Jen } is orthonormal at p .

Since Riclj
'

,J .) = Rid . , . ) , one can white

Ri't ;-) = Fi Oijdziadzi, then (again using
the local

computation forg )

Pig = Rid 2i , 2;) = Egg ( Rbi, G) ex , 2J )
+§ g( Rlai ,Jed)Jea, aj)

= §µHi,G) ea, 2g) +FIJI Rhi,Jed ea , 2J))
= § J ( Rldi, Halen , 2J )
=

-21¥@ (Rbi ,states,aj) - figlRHiÑ%jea,dj
= £ I g(Rai ,R2j ) Rda , 2J )
= I Riaaj = Rif . ☐ .



• Scalar curvature of Keibler metric w is defined by
g.(w) : = J Ri5 = % THE scalar curvature of

the Thiem metricg .


