
Lecture 8

HodgeTheory
on

complex Manifolds
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Outline
i. Hodge * operator
2. Hodge theory on Riem mfd .
3
. Hodge theory on complexmfd
4. Hodge theory on Kahler mfd .

. Let V be an ☒ - vector spare of dim in at a Euclidean
innerproduct ↳ . >

.

bet e
'

.
. . .

,
em be an orthonormal basis .

Fix Vol = e' n -
r

- n em . This gives an orientation of V .

L .
,
. > can be extended to Nk v for the { 1, -- im } , whose

ONB is just { e'
"
^ . .. rein }

Ki, c. .. c in Em -

Now for Y et c-Nv ( where z=( iii. , in) , i, < . . . < in
,

ismulti-index)

define * et : = sign ( I , I
'

) et C- nm
-K
V

.

Extending * linearly to Nev we thus obtain a linear map
* : ☒ v→ nmhv

.

e.✗?⃝ Show that an x-p = Lap> tool for taps c-MV
.

③ show that ** =☒
"M"! So * induces an isomorphism .

③ show that 4*2
, x-p> = <a,p> .

Thus * induces an isometry .

• We further assume that V admits a complex structureJ sit.

( J .

, J . > =L
.

,
. >

.

Then m=m must be even & < .
,
.> induces

an Hermitian inner product C , -7, on Vic and
NVR =-DNitric on

,pic : = < snip> for *poeticPtifh
If {e'rien , je

'

,
. . .

. Jen} is on B ofL -

;> them{ fzfei-F-y-ei.TK#*J-ijeJ )}
is ONB- of hi, -7C .

e.×.④Show that the above decomposition is orthogonal
w.r.to L.

,
.>c.



* can be extended to VE as well . So one has
* : Nk v e → A"

-k ve
.

ex. ⑤ show that an*§ = < a.pz.ua fortapeÑV?

⑥ If ✗ c- N'& Ve , then *a c- A
"-8 , "-Pvc

.

so * induces an isomorphism : AP . so ye→ An-9
"-

Pye
.

Write *2=2 I
's

. Using the fact that 89Pa ✗ "5=0
rts --an-p-q

whenever qtr=/nor pts =/n & the equality 8a* 2=28, I >e
we find that all 2ns w/ ( r , s ) =/(n-f. n-plane zero .

⑦ 4×-2 ,x-p>e = Lapse .
fort xp c- NAVE .

Etf)kn-p-f)
<*a

, x-p>@ = <*✗ , Fp > = < *Ñ , *a > =-D Ipad
= anIp = Ip =⇒ '

= trap > = < trip>e.
So * induces an isometry xp ,q →

in -P
I

• Now let IX.g) be a cpt m-dim oriented Riem mfd . Consider *✗ .

.

We put AKCX.IR) :=ÑX ,
Ah-1*111=10, R-nakedglobo.tk-forms on×)

Then the above pointwise discuss yields aglobally defined operator
* : ATX, IR)→ Am

-"

IX.R)
,

Kk c- n .

This is called the Hodge star operator of ( X.gl .
* Note that * dpd on g.
For V-2.pk - forms , one has 2hx-p = gcap> dug
where cdvg : =↳ edx'm . .adxnady '^ . -xdyn .

• Define 1- ,
- ) on Aku .IR) by lap) :=)✗ flap> dug .

• Define d't : A
"
(X,R ) → AR-YX.IR) by putting

d*:= hmmm
"

* d * ( d*=o )



• Prof . For H ✗ c- A
"

(X) ,p EARTH , one has
4- dp ) = ( d*a.B) .

So d* is the adjoint
operator of dw.r.tl;-) .

if :( d*a.p ) = fxgldx-spsdvg-fxglp.dk) dug
= S×px*d*a=④k+m"f×pn**dx

mrk-11

=yjnk-mttk-k-MK-dgxpndx-2-n.ly"J✗ pad*a = _µñ+ktf× dlpnx-D-dp.ua
Stokes
= fxdp ✗*2 = fxgcdp, ✗ I dug
= S

✗gladB) dug = C ✗ , dp I . ☐
.

• Think . Using the Levi-Civita connection ☐ of g, one also
has p://tklx.IR ) → A

""
(X, R ) .

One can also define the adjoint PA, which satisfies
⇐ . p ) = (Ha , p )

Q . What is ☐
* when acting on 1- forms ?

• Def . We say ✗ c- APCX) is a harmonic p
- form if

d 2=0 & d*2=0 .

• If ✗EAPLX) is harmonic , then it defines an element 3. C- HLKX.IR!
We etaim that ✗ minimises the E norm cp.pl for pees .Indeed
, p =L+ dy , one has
( p, pl = lotdy , dtdy) = CM 2) tidy ,dy) -12 lady)

= (✗ . ✗) + (dy ,dy ) 2 (d.2) .

Thus ✗ is the unique minimizer .



• Conversely , fort 3 C- ItPark , IR) , if I ✗c- 5 Sit .
✗ is a minimizer,

then 2 has to be harmonic .

Indeed, consider Lt = ✗+tdy forty c-At
"
(✗ ,R)

.

° = ddt ↳
⇒

(Lt
,
4) = 212 , dy ) = at d*x, y ) .

So I d*2 , g) = o forA MEAP-14 , R)
.

Thus d*& = o
.

since ✗ is d-closed already , so
2 is harmonic p - form .

• We put 21 Pcx ,R ) : = Ñh%monic p- forms on ✗ }
.

• Define Hodge Laplace D: = da't + d*d .

• Prop : LE HPCX.IR) if 42=0 .

pf : If k2=0 , then,-102 , 2) = (da , da )+ (d*x , d*✗ ) .
So d 2=0 & d*2=0 .

17
.

* • Hodge Decomposition Them .

One has AP (X ,R ) = HENRI⑦dit
"

⑦ d*AP"

= Herd ④ dx-A.PH
.

This decomposition is orthogonal next. c., - ) .

• As a consequence
one has

HP(X.IR?~--HPdRlX ,
R )

2 1-> [✗] .

Namely ,
each eg EH:* .ir, admits a unique

harmonic representative ✗ Eeg which minimises

the energy 11µF : = lp.pl for peg .



• e-✗ . ⑧ check that * =D* .

This implies that * : HP(X ,R) → 2T¥ , IR)
is an isomorphism .

• As a consequence, we find that
the pairing

☒-p
H Pdp H , R) ✗ Hdr (X , R)→ R

E] , Ep ] '→£"Bis non-degenerate .

In fact , t ONB Lai } of 21 Pexap) gives an ONB

9×-2 i Y of HMP(X,R ) & wehave

S ai n*dj =£, g vi.g)dug = Ej .

✗

So we recover the
"

Poincare duality
"

in a very
computable way .

• From now on , assume that ✗ is a cplx mfd , opt, of dimn,
w/ a Hermitian metric g . We will extend everything
discussed above C- linearly to Ak (✗ ,e) .

Then Ah LX ,e) =-D AP it(✗ )
.p+f=k

Also put C-i)e :=f× he;) dvg , where his the Hermitian
metric

induced by g so that heap ) : = gl tip ) fort trip c-A
"✗ 'c)

.

Recall that (e.4.⑧ I * : APA →~ An-9in-P
.

Also note that d*= - *d* in this case as dim
,
# is even .

But note that in general it makes no sense to talk about
" harmonic Ip , f)-forms

"

using thee Hodge Laplace , since
in general ✗ is no longer of type tp,f) even if ✗ is .

So in general one cannot decompose 21k into zp PB
.

( But this is indeed true when ✗ is Kohler )
.

In the complex setting what we do instead is to decompose
d.* = 2*-1 2-*

,

where



2- *2--2*2=0
2- * : = - * 2 * :

A
"%
→ APA

-1

{
a
*

:= - * I * : ARE →AF' '& .

• Poof . For H ✗c-APG , p c- A."&
"
,
one has

(2 , JP# ( 5*2 > B)e.

of :( 2-
*
a. pie =L, hi 2-

*a.B) dog

=L, ftp.
2-*2) dug

=S× g- a * 5*2=1-11*9 pin2*2
¥.

=

5×2B-a*a - f ✗ ol B-a*2)
4.P-D k-f , h

-pl

=L, spin*a -S×d(pin *2)
= 5×91 apt , a) dvg-jxgla.JP) dug
= ( a. Ip)e.

☐

• ex . show that 12,2B¥ = 12*2 ,B)e. for a c-A
"'t

p c-AP
-1
, f.

• Define .

I 2- : = 2- 2-*+ 2-*2- & da : = 22*+2*2 .

We say ✗€A¥e) is 2 ( J )- harmonic if dad⇒(82-2--0) .
Then 2 is 2-harmonic iff 02--2*2=0

{✗ is I - harmonic if I ✗ = 2-*2=0 .

• Define Hjk :=/ ✗ c-AHH 42-2=0 } .
/
2lqPG : = FLESH / ↳Go } .

Analogously , can define HE & zfp.gr .
All these dpd
on g !



• Hodge Decomposition It .

One has zf; = ⑦ HAE & 211=+021
"&

① ptqek 2-
2 .

So ✗ C- this 2- -harmonic iff each cp, f) piece is
5 -harmonic

.

② One has orthogonal decomposition
APB = 21,19 ④ ⑤f-

Pio-1
④ 2-
*ARE-11

d-
" %
= 21,

PA ④ 2AP-1,7+0 2*-1*1
, %

③ 211¥ ± it:&.=kE÷¥÷I÷•,
'

*⇐ *:-. :i;:¥÷¥¥•,
• * induces isometry : 21K¥ I→ zfn

-Erin-P

2 .

Also note that conjugation induces isomorphism :

21¥
&
I yf Gp

2 .

Thus 21¥ completely determines 21
"'

2 .

n-p , in
- of

• The pairing 21%9 × 21 , → a

serveDuality 2
, p 1-> 5×2^9

is non-degenerate . Indeed , if ✗ E 21%4 ,
then

* 5 C- 21%0*-4 so that f ✗✗ *2=5×82,21 dug 70 .

✗So if {2 i } •NB of 21¥, then {* Ii } is on☒ oof HÉ"
"*

I



q,p
n-f
,
h-p h-p,n-f

• As a consequence, dimH¥h = dim Ha = dimH, = dim Hq .

p
← sheaf of holo. cp,01 forms

& Hot(X ,R× ) = H
"- % (X ,ri" )← sheaf cohomology .

So that(X , Kx ) E H
"-FIX

, 0×7 .

* Warming : in general it is not true that
dim +1¥& = dim HYP !

* Also warning : I =/ 4£Gj
in general ( 25*+5*21--0 ingeneral)

• We mention that forA hobo . v. b. E over a opt cplxmfd ✗
one has ( after choosing Hermitian metrics) a Hodge theory
for E-valued up ,ql-forms. sit .

21¥41,E) EH% × , I# E) , and one has a general serineduality
HUX , RI④ E) 1- H

" -% ( X
,

R ④E)
.

• In the Kohler setting , one has
A = Ll z t j = 2 Do = 2¢5 .

So Liz =Dj = -2☐ are real operators .

These are proved using
" Kéihher identities

"

.
We omit the detail .

• let CX ,g) be a opt Kahler mfd ,
then

HEX,#21,1=21? = ⑦ 21
"'

= ④ 211% w/21¥! Ha" ?
2c-valued harmonic forms Ptq=k

£
Ptf=k

←This is indpdSo one binds that H{×
,e) I ⑦ tf Glx ,C) of g ! ! chew.

ptq-k .

In this setting ,tf c-valued harmonic reform can be decomposed
as the sum of harmonic if)-forms w/ Pt f- K .

But such decomposition dpd on the Kibler metric .

However , h"G :-. dimHEY is indpd of g & bn = I h"&

Hodge number P*q=k



•Cox
.

The betti number bowl of a got Kohler mfd
must be even .

of = This follows from hPa = h9P
. ☐ .

* The Keibler form W i#self is a harmonic CI , 1) form !
( e.× . Show that I*w = 0 )

This implies that IW] C- ftp.CX.IR n ti
"
(X ,R) is non-trivial .

Fort Kohler form w
,
we call EW] the Keibler class of w .

Conversely , fort 5 C- HadRlx ,☒ In H'" lx, R) , if 3- a
positive representative ✗ c-3 , then 2 defines a Kohlermetric -

The set { Keibler forms in tiara.Rin H"Karl }
is called the Keibler cone of ✗, denoted by KCX) .

• e-✗?⃝Assume that W & W
'

one two Kohler forms
set . I w ] = [ W

' ]
.

Then -3 YE OH,R) S.t.

W
'

= w+ r⇒oJg . 2J-Gemma
.


