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Outline .

•
. Lefschetz (1,17 theorem .

2. Ample lime bundle & positive line bundle

3
.

Kodaira vanishing .

4 . Kodaira embedding .
• let ✗ be a# cplxmfd w/ a hobo . line bundle L on it .

We have seen that
, using the inclusion z→ Pr . God can be

represented by adored real Ci ,/ 7 form , a curvature form of L .

Now we ask the following question :
•

if 5 C-THX, 1121 n 3mLH4* , ZD →tix,R1 )
can be represented by a closed real 2- form ✗ e- 3 that is of typea. a),
then can one find a hobo . tub

. L over✗ s.t.ci (L) = 5 ?
To study this problem, we look at the exact sequence :

Pidx) I tiicx, 0¥) -7 HTX,211% HYX,0×1 EH (X)
.

We find that there- Imc. .

Go we need to study the map
thx

,2) E- HTX, 0×1
In what follows , we will use a largerinclusion I →☒→C .

☒ → AÉ d-> A'☒ d-> Air → .
-
-

f f.

a → AI
d-> ¥ I> → . .

.

f. 11 ft"
' f. Ti " '

Ox → A:c -5s A" -5s A
"
→ . .

.

e.✗ . This diagram is commutative .

From this we get an explicit description oof thx ,C)→ +14✗, 0×3 *
for y d- valued d- closed 2-form in , write 2=2*2+2

"'
+24°

.

then I *
"'
= o . So [4°"] defines an element in +1¥ (X).

The map then CX ,c)→ H (X) is well-defined .

ELT ↳ [ doin]

Now the map thx , 27 → tix , 0×3 can be described
as follows ÷



Using tech cohomology ,t [HE 1-17×567 gives rise to
a d-closed real 2- form on ✗

,
so treating it as a

c- valued 2-form one can take its @27part ✗
"2

.

Then the map tin→ 1-14×10×3 isgiven by Ed]↳[I
']

.

Thais actually holds for H" IX.2A → HTX, 0×7, k > •

Now , what is the kernel of this map ?
By the above discussion , it 5 C- Tm ( 1-14×2/1 → 1-14410 )
is mapped torero in thx , 0×1 iff ]- ( soany) representative at 5,
its 0427 part ✗

"2
is 2--exact , hence ex

""]=o in +17×0×7
.

So we see that F hobo . d- - b .
I sit. all) =3 c- Initial,2)→tix,☒)

AH F (so any) representative
Lt } satisfies that I

" is 5- exact
.

• Cod
. A class g c- Jml thx ,# → H

-

lx ,R) ) is the
1st Chem class of a hobo . line bundle iff one can
find a representative 2 C- 5 S.t. ✗ is of type Cia?

pf : If } = GCLI forsome hobo
.

L
,
then the them curvature

form ( normalized by ¥ ) is of type um, representing g .

Conversely , if 3- (a) representative in }, we see that

} lies in the kernel of 1-1241,211 → 1-14×0×1
,

so F hobo . L S.t. C, (L) =3 ( modulo torsion ofcourse!
See.[ Huybrechts 's book ☐

,7hm 2.6.26]
• Another way to prove this is to use the fact that
b- element 3 c- Im (1-14×14)→x ,pi) comesp.to acplx line bundle ,b so the goal is to find a

"

holomorphic
structure on L

"

,
i.e.
,
a
"

Ji- operator
"

: ACH →A
" '

14
that satisfies the Leibnitz rates and 52--0 .

This is where
the type 4,1 ) condition comes in : first, pick tfcplx connection 7
on L , then its curvature Sif . T

'
= w + DX for some 1-form 2 .

Define Jh to be the Cool part of ☐+d. Then we cheek
that ji = o since (Dtd)

-

= w has no type 10,21 part . ☐
.



Cpt

• In theKeibler setting ,
the above result is known

as Lefschetz theorem on a , it -classes , which isCH) pieceof
f Hodge deep.started as follows : let✗ be at Koihher .

Define H'" ix.z) : = In (114%2)→ ticket) ) nH¥×)
Then the map Pidx)→ +1¥

'

4,2) is surjective .

pf : We go back to the proof the previous lemma .

In ihe Kohler setting Hacx,c) = H%✗)⑦H
"' ⑦titi

8 I E

for Hqc- 2mL HTX, → 1-141,101
,
we can find

a harmonic representative 2 C- 5 ( w.tt - some Kohler metric)
.

Since 9Etta ,R) C- ticx ,C)
,
2 is heal

.

Then 270 = 20-2
.
Now using the exact sequence

. - →Pick) -5 tick 27 → HTX
,
0×7 → . . .

5 is of the form c.CL) iff ✗
"
=o so that 2=2

""
.

☐
.

• Def
.

A hole
.
lime bundle L over ✗ is called positive

if F Hermitian metric h on Lat . its curvature
form Rn is positive definite ( so it gives a)

.Keibler metric

• Prop : A cplxmfd admits a positive line bundle iff
75 c- Tutti4,211→ HENRI at . 3- Keibler form wees

.

pf : This is clear from the above discussions . ☐
.

The following result is also clear .
• Prop : A opt Keibler mfd

✗
admits a positive line bundle

ist ti
"
(Xie n Kix) =/ &
I Keibler come

• Boy .

Let ✗ be Cpt Keibler . If h⇒
-
= 0
,
then ✗

admits a positive line bundle .



pf : h°
"
= hh°= no implies that dim thx,R) = h

" "

,
so

ImU-turn→ ticx.IR) spawns the entire +14✗,☒) .

Thus F hole .

line bundles Li
,
- .

-

, Lb & a. i " lab c- IR set .

an Ci (4) + .. . -1 ay C, (tb ) = IW] .

SHENG w & ai
,
wemay assume

that ai c-Q
.

Then a sufficiently divisible integer N
w/ Nai EZ

Killer cone
is open ! defines a bolo

.

line bundle L : = Nae4 +ii. +Nas Lb
sit . C, CL ) = [ Nw] is represented by a Keibler form . ☐

.

• Def
.

A hobo . line bundle Lover a opt cplx mfd is called

ample if for t k >70 , a
basis 4 So,- . -, safe of H°(✗,All

defines an embedding .

. ✗ air ⑥pdr
✗ 1- [ SoCX) : - - ^ : Sdu (✗I ]

.

For smh k , KL is called very ample .

check that in this case KL = i.* Ou ) .
• It is clear from the definition that

Props
.

A apt cplx mfd is projective if it admits
an ample line bundle .

Pf : One direction is direct from the definition .

For the other direction
. if ✗ euikeedoks

in epN ,
then OH /

✗ is ample .

Here we used that 041 is ample on cp! why ?

☐ .

• Prof . Ample line bundle must be positive .

pf : RL = it 041 .

So a@↳ = ¥ it Wes
.

⇒ act) is represented by Inui*WES > 0 . ☐
.



Assume that ✗ is cpt cplx mfd .

• Them ( Kodaira) A positive line bundle is ample .
This is a highly non-trivial result, so we won'tgive
the proof here . But we would like to point out the
key fait used in the proof .

aaa let L be an analytic coherent sheaf on ✗ , La
positive line bundle on ✗

.

then one has

gexrevanismtii (✗ if ④ Lk 1=0 for fi > 0 & t n⇒ 0 .

this will imply that

① For f p c- X, F k>> 0 S.t. F s c-HEX,RL) sit.

So that Scp) =/0 . Note that this is open condition ,
his semi

-aMs%vising covering argument, F k>so, sit . tpEX,
7- SEHOCXin↳sit. Sep)-1-0 .Then ✗→EpN is well-defined.

② For ftp.q c- X ,F k⇒ 0 Sit-Is ,
,
SaeHTXin

St . qopt-o.si cqrto while Sipho
& Sslfto .

The covering argument as
above shows that

, makingk larger,
the map ✗→ ep

N is injective .

③ We need to show that sections in HMX , KL )

separate tangent directions
at tp c- ✗

,
by farther

increasing k .

For ① ,
we need to show that thx, RL)→ KL

p
is surjective

for② we need HTX, KL )→ khp ④ Khq surjective

for③ We need to4 ,
Kh) → khp④ Opfmpz surjective

Mp C- Op max ideal .
To get sviyectiuity , it is enoughto use
H

"

(✗ ,
RL④ Mp ) = H

'
H, KL④ Mp,g) = HKX, KL④ mph1=0

The exact sequence will finish the proof .

☐



• To show that Hi LX , KL④ f) vanishes for K Do , the

positivity of L plays key role, which
allows us to

solve " I - equations
"

using theirmaunder 's
E theory .

• Coy .

A got cplxmtdmfd is projective iff it admits
a positive line bundle . On this case it imust be Kohler)

.

if it admits a Hodge class ( i.e, a Kohler class in H "'m?

• Finally , we state a few vanishing thin 's
.

① Kodaira- Nakano vanishing,) If L →✗ is positive ✗ 'pt .

then HG (✗, RI ④ L ) → when ptq > n .

It
③ Kodaira Vanishing ) If L→ ✗ is positive . ✗ opt .

then HE (X, Kx④ 4=0 when qz 1
.

weaker than
L ample

③ (Generalized Kodaira vanishing ) If Lisbig8ne-f@Xcpt.F
then HGLX

,
Kx ④ L) = o when qz 1 .

¥14>° torte>ita-"i.
g.t.dz-EW .

④ (Nadel Vanishing ) If L is big , ✗ opt . Assume that
L admits a singular Hermitian metric h=ho e-4 , where
he is smooth background metric & y use

,
L
'

at.

Rn. + ios y z s w in distribution sense
#
multiplier

Define Icy ) : = { f- c- 0 I *fie
-4 c- L'↳e }

.

ideal sheaf
of Y.

Then Hb (✗ , K✗☒↳ Icy> 7=0 when f- 1 .

• Cor_
.

L ample . Then thx, my =0 for 871 &m⇒!

pf : Observe that mL - Kx is positive , so ample,for m→!
So the assertion follows from Kodaira Vanishing ☐



• A few vondas about the proof of Kodaira- Nakano them .

as we mentioned above, one can prove
it using E- theory .

Another elegant
way is to use

"

Nakano identity
"

: For a hobo . Hermitian 1-b. ( L , L)
on a cpt Kahlermfd (X, wl

,

one can consider the Cheon connection ya on L ,
sit- On = Iii + J

.

Then define Dj : = -28*+5*5 They act on{
Org : = 2h 2¥ +2¥ 2

.L - valued copif forms . Then the Nakano identity says that
Dj = ¢2 1- [ Rn , N] Rn I • 1 : = Run .

^ : = @a.)
* adjoint of Lefschetzoperator.

Here [Rn
,
is c-OH

,
Ñ%*④Ñ%)) is a tensor that can be explicitly described

if one diagonalize Ru at one pt , say this = diag1h , - . - , ✗n) , w.tt . w .

Then for -V4 = IU-i-jdz-I-adz-JECMX.MG(4)
,
it holds that

I
,J

ERH
,
^]U = Eg ( E.,?i+¥pi

- ¥4ba)Usg dzZdÑ.

Now if L is positive, we may choose W := Rh so that

[ Rn
,
a]u = Cp+G-n) U .

Then we find that, whenever peg > n ,
N Ju It+ KENT =L G-it , 4)e z ( ERU , n]u, a)e z Kult .

So 5-harmonic L- valued up ,f) form must be Nero . ☐

• Asymptotic Riemann-Roch : let L be ample .

then fortm⇒ 1
,
one has

dim HEX ,my = Hilbert polynomial of mlofdgn)
(Ky . Ln

-1←
intersection number

= ¥-1m " t-g.mn -1 + . - - +✗10×1.
✗( 0×1 : = I ←j dim Hickox)

i 70

tf : By Hirzebruch- Them -Roch , one has

✗1mL ) = I ←I dimHill, mL) =f, ch Hitdcx)in
a-

Since HiGimli⇒ for i71 8m⇒1 Hilbert polynomial
we find that thibert polyonnial-dimtlcx.my form> 1

.

☐



• As a consequence , we find that so must be noncollapsing
Voll th = I hen L is ample . f

So Vol LL) = fxw" if one pick WE GCL) .

Inthis caseU⇒nteger
This also holds when to is merely neffaimtlicx.my = 01m

"

)for in)
This no longer holds when L is big .


