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Abstract

Let (M,w) be a compact Kahler n-fold, n > 2, with Ric(w) > w. Chu-Wang-Zhang
conjectured that if the (n? + 3)-rd eigenvalue of the complex Laplacian is sufficiently close to
one, then M is biholomorphic and Gromov—Hausdorff close to CP™ with its normalized Kahler—
Einstein metric. We prove this by a contradiction argument on a possibly collapsed Ricci
limit. Strong compactness of scalar Hamiltonian brackets yields a ghost—visible decomposition
of the first eigenspace; complementary dimension estimates for the two parts exclude collapse.
The noncollapsed limit is then shown to be a smooth homogeneous Kédhler manifold and is
identified with CP™ by the exact rigidity theorem of Chu-Wang—Zhang.

Status of the note. This is a proof draft intended for line-by-line verification. Every new
estimate used below is stated and proved. Foundational results from Ricci limit and RCD theory
are invoked explicitly and cited.

1 Introduction
We use the normalization of [7]. Thus wcpr denotes the Fubini-Study metric rescaled so that
Ric(wepr) = wepn-

Theorem 1.1 (Conjecture 1.8 of [7]). For every n > 2 and every € > 0, there is 6 = 6(n,e) > 0
with the following property. If (M,w) is a compact Kihler n-fold satisfying

Ric(w) > w, Anzi3(—Ay) <146,
then M is biholomorphic to CP" and

dGH((M,w), (Cpn,wcpn)) <e.

Proof strategy

We argue by contradiction. A counterexample sequence has a normalized measured Gromov—
Hausdorff limit X, which is a compact RCD(1,2n) space. Spectral convergence leaves on X a
space

E =ker(Lx —2), dim E > n? + 3.

The essential dimension d of X may initially be smaller than 2n; write ¢ = 2n — d for the collapse
codimension. The first and main part of the proof is to show that ¢ = 0.



The complex structures J; need not converge strongly when the sequence collapses. We
therefore retain only the scalar Poisson brackets

(JiD fi, Dg;).

They converge strongly, after recovery of the functions, to {f,g} = (ADf, Dg), where A is a
skew contraction on the tangent module of X. The Kéhler defect identity shows that for every
u € E, the field W,, = ADu is divergence-free and weakly Killing. A weak commutator formula
shows that W, preserves every Laplacian eigenspace. Consequently these fields integrate to
measure-preserving isometries, and the bracket makes F a finite-dimensional metric Lie algebra.
We split this Lie algebra into the ghost part Ky = {u € E : ADu = 0} and its orthogonal,
visible part v. Ghost gradients commute. Moreover, local splitting maps on the regular set
show that their prelimit J;-rotations can only occupy the ¢ directions lost in the collapse. A
matrix-square-root argument, combined with the sharp Poincaré inequality, then gives

dim Ky < 2min(c, z), z = dimker A4,.

At a principal point where rank A, = 2a, the visible fields carry an intrinsic presymplectic form.
The isotropy algebra acts faithfully and centralizes that form, which yields

dimv < a® + 2a.
Since ¢ + z = 2(n — a), these estimates imply, whenever ¢ > 0,
dimE§a2—|—2n§n2—|—1,

contradicting dim £ > n? + 3. This is the numerical reason that the spectral threshold in the
theorem rules out every collapsed limit.

Thus d = 2n. Honda’s noncollapsed Kéhler-limit theorem now upgrades the weak limit A to a
parallel orthogonal complex structure and the ghost part disappears. A refinement of the visible
dimension bound forces a full 2n-dimensional orbit. Rather than assuming that such an orbit is
open in a singular space, we use metric differentiability and the area formula to prove that it has
positive H?"-measure. Full-dimensional noncollapse gives m = CH2", so the orbit has positive
m-measure. The positive-measure orbit theorem for RCD spaces then makes X homogeneous,
hence smooth. The exact rigidity theorem of Chu—Wang—Zhang identifies X with CP". Finally,
Colding volume convergence and the Kéhler volume-gap theorem show that the approximating
manifolds are themselves biholomorphic to CP", while their metrics converge to the normalized
Fubini—Study metric. This contradicts the defining counterexample sequence.

The proof is organized in the same order: scalar Hamiltonian compactness in theorems 3.2
and 3.5, integration to isometries in theorem 4.1, the ghost and visible bounds in theorems 5.2,
5.4 and 6.1, exclusion of collapse in Section 7, and identification of the limit and approximants in
Sections 8 and 9.

Normalization and external inputs

Let g be the real Riemannian metric associated with w, and put

L=—A,=2(-A). (1.1)



All eigenspaces below are real. We normalize reference measures to have mass one. For a compact
metric-measure space X, write

e.h) = [ (Df.DRydm, L0,

and use the continuous Lipschitz representatives of eigenfunctions.
We use the following established results.

(i) Measured Gromov—Hausdorff compactness, Mosco and spectral convergence, compactness of
functions with bounded Hessian, and weak tensor convergence for sequences with a uniform
lower Ricci bound [1, 11, 12].

(ii) Constancy of the essential dimension of an RCD(K, N) space [4].

(iii) Existence and uniqueness of regular Lagrangian flows for Sobolev derivations, together with
the metric-velocity identification [2]; and the Lipschitz regularity framework for such flows
on RCD spaces [5].

(iv) The Lie property of the isometry group, the principal orbit theorem, and the structure of
homogeneous RCD spaces [10, 9, 14].

(v) Full-dimensional noncollapse and Honda’s Ké&hler-limit theorem, especially Theorem 6.19 of
[12]; see also [3].

(vi) Colding’s volume convergence theorem [8], the volume-gap theorem of Zhang with Liu’s
appendix [15], and the exact eigenvalue rigidity theorem of Chu—Wang—Zhang [7].

Acknowledgments. This paper grew out of a conversation with Kewei Zhang in July 2026.
It took me 10 hours to solve this problem. I almost wanted to give up. It was Kewei who kindly
encouraged me during this painful process. The author is partially supported by Kewei Zhang,
because for unknown reasons he has generously paid 2008 just to chat with me.

2 The contradiction limit

Set
q=mn*+3. (2.1)

Suppose that theorem 1.1 fails for some g9 > 0. There is a sequence of compact Kéahler n-folds
(M;,w;) such that
Ric(w;) > w;, A(—Ay,) < 14+i71 (2.2)

while either M; % CP", or
deu((M;,w;), (CP",wepn)) > eo. (2.3)

Write g; for the real metric, L; = —A,,, and

e — voly,
v volg, (M;)

The Kéahler Lichnerowicz estimate and (1.1) give
2 < (M) <o < (M) < 242071, (2.4)

where the p;’s are the eigenvalues of L;.



Myers’ theorem gives a uniform diameter bound. After passing to a subsequence,

(M;, di,m;) 225 (X, d,m), (2.5)

where X is compact, has full-support probability measure, and is an RCD(1,2n) space. Spectral
convergence and (2.4) yield

M(Lx) =2, E :=ker(Lx — 2), dim E =: mg > q. (2.6)

By constancy of dimension there is a single integer d < 2n such that the d-regular set has full
m-measure. Define the collapse codimension

c=2n—d. (2.7)

3 The limit Hamiltonian structure

3.1 The Kahler defect identity

For a smooth real function « on a Kéhler manifold, let
1
Y, = JVu, Sy =sym VY, = iﬁyug. (3.1)

Lemma 3.1 (Kéhler defect identity). On a compact Kihler manifold,

/|Su|2+/(Ric _g)(Du, Du) = ;/(Lu)2 —/|Du\2. (3.2)

Consequently, if u; belongs to a spectral band shrinking to 2, has bounded L?-norm, and Ric(g;) > g¢;,
then
|Su;|lz2 — 0, sup || Hess u; || 12 < oc. (3.3)
i

Proof. Write H = Hessu as a self-adjoint endomorphism. Since VJ = 0,
1

The integrated Kahler-Bochner identity, obtained by commuting one (1, 0) and one (0, 1) derivative,
is

/\Su\2+/Ric(Du, Du) = %/(LU)Q. (3.4)

This is the real form of the calculation used in [7, Lemma 2.1]. Subtracting [ |Du|? gives (3.2).
If u; = 3, aijeij, where the e;;’s are orthonormal eigenfunctions and all corresponding
eigenvalues f1;; tend uniformly to 2, then the right side of (3.2) is

12
Za?j <2U — ,uij) — 0.

J

Both terms on the left are nonnegative. This proves the first assertion in (3.3). The ordinary
integrated Bochner identity gives

/|Hessui|2 —i—/Ric(Dui,Dui) = /(Liui)2,

which proves the Hessian bound. O



Eigenfunction gradient estimates under a uniform lower Ricci and diameter bound also give a
uniform Lipschitz bound for every fixed finite spectral band. We use this fact repeatedly below.

We fix a countable algebra .# C Test(X) generated by functions Py, where ¢ > 0 is rational
and ¢ ranges over a countable bounded Lipschitz W12-core. Using the compatible prelimit heat
flows and second-order stability [1, 12], and then taking a diagonal subsequence, every f € &/
has recoveries f; such that

fi—~ [, Df; — Df, Aifi = Af

strongly in L?, and
sup(Lip(f;) + || Hess fi[|12) < oo.
7

The algebra is chosen dense in the graph norms used below. Eigenfunctions are recovered
separately by spectral convergence. All density extensions refer to this fixed core, and all finite
families are made simultaneous by the same diagonal choice. The local harmonic recoveries needed
on splitting charts are recorded separately in theorem 5.3. We call functions obtained from these
cores and their finite spectral closure admissible.

3.2 A weak complex structure and strong scalar brackets

Honda’s weak tensor compactness gives, after a subsequence, a weak L?-limit A of the J;’s on the
d-dimensional tangent module of X. Weak convergence alone is insufficient to pass quadratic
identities. The following scalar compactness is the replacement.

Lemma 3.2 (Strong bracket compactness). There is a measurable tangent-module endomorphism
A such that
A= —A, |Allop < 1. (3.5)

For f,g in a countable dense Test algebra, and then by closure for all functions used below, define

{f.9} :== (ADf, Dg). (3.6)

If fi,g; are Test recoveries with uniformly bounded Lipschitz constants and L?-Hessian norms,
then
(JiDfi, Dgi) — {f,g} strongly in L. (3.7)

Moreover

div(ADf) = 0. (3.8)
Proof. Put q¢; = (J;Df;, Dg;). Since V.J; =0,
|Dg;| < Lip(g;)|Hess f;| + Lip(f;)| Hess g;|. (3.9)

Thus ¢; is uniformly bounded in W12, Scalar Rellich compactness along (2.5) gives strong
L?-convergence after passing to a subsequence. The gradient recoveries converge strongly in L?
and are uniformly bounded in L°°, hence converge strongly in L*. Thus Df; ® Dg; — Df ® Dg
strongly in L?, which identifies the pairing with the weak tensor limit of J; as (ADf, Dg). A
diagonal argument on a countable Test algebra therefore proves (3.7). The linear identities
Ji = —J; pass weakly, and the convex operator-norm bound passes by lower semicontinuity,
giving (3.5).



Finally,
div(J;Df;) = tr(J; Hess f;) = 0

because J; is skew and Hess f; is symmetric. Passing the corresponding integration-by-parts
identity to the limit proves (3.8). Density extends the construction from the chosen core. O]

Remark 3.3. Only the scalar quantities in (3.7) converge strongly. We neither use nor assert
strong convergence of J;, or of J;Vu;, in the collapsed regime. Such a claim is false in general;
compare [12, Remarks 6.17-6.18].

3.3 Jacobi and spectral closure

The smooth brackets are Poisson brackets. An integrated form of Jacobi is stable under the scalar
convergence just proved.

Lemma 3.4 (Limit Jacobi identity). For admissible u, f,g,n,

- [t gHum = [{u fHomy = [{w. g} fm). (3.10)

FEquivalently,
Wu{f,9} = {Wuf, g} +{f, Wug} in distributions, W, := ADu. (3.11)

Proof. The smooth Jacobi identity is

{u, {f,9}} = {{u, f}, 9} +{f, {u, g}}.

Multiply by 7 and integrate. Each Hamiltonian field is divergence-free, so integration by parts
gives exactly (3.10). Every bracket factor occurring there converges strongly in L? by (3.9); hence
every product converges in L', and the identity passes to the limit. O

We next record the commutator calculation that prevents loss of the eigenspace under the
bracket.

Lemma 3.5 (Weak Laplace—Killing commutator). Let Y be a smooth divergence-free vector field,
p=Ywv, and Lv = pv + s. Then

E(p,¢) — u/pqﬁ = 2/Sy(Dv,D<Z>) — /sYd), Sy =sym VY. (3.12)
For every u € E, the limit derivation W,, = ADu preserves every Laplacian eigenspace:
Wy (ker(Lx — p)) C ker(Lx — p). (3.13)
In particular,
{E,E} CE. (3.14)

Proof. The identity

/(D(Yv),D¢> +/<DU,D(Y¢)> _ 2/Sy(Dv,D<;$)



follows by expanding Ly g and using divY = 0. Since

[0o.Dve) = [+ 9Yo=—u [(ro)o+ [ svo.

we obtain (3.12).
Fix u € E and v € ker(Lx — ). Choose spectral recoveries u;, v; such that u; lies in a band
shrinking to 2, while
Li’Ui = pv; + Sg, HSZHZ — 0.

Apply (3.12) with Y; = J;Du;. By theorem 3.1, ||Sy;||2 — 0. The relevant eigenfunction gradients
are uniformly bounded, and (J; Du;, Dv;) converges strongly by theorem 3.2. Estimate (3.9) also
bounds this last sequence in W2, so its gradients converge weakly after the strong L2-limit has
been identified. We may therefore pass in the Dirichlet term of (3.12); the two terms on its right
converge to zero. This gives

g<{u7v}7¢) = /J/{’U, U}d)
for every Test function ¢, proving (3.13) and (3.14). O

The same limiting calculation, written in the weak definition of the symmetric covariant
derivative, gives

diviv, =0,  DY™W, =0 (3.15)

in the Ambrosio—Trevisan sense. More explicitly, put A = —L. For Test functions f, g, their weak
symmetric deformation functional is

D(1,0) = — [ (DG +bg)AS — (divB)T(f,g)] dm. (3.16)

For the smooth prelimit field b; = J; Du;, integration by parts gives

Dy, (firg1) = / S, (Dfi, Dgi) dm;. (3.17)

The quantities b;(f;) and b;(g;) converge strongly by theorem 3.2, while the Laplacians of Test
recoveries converge strongly. Since [|.Sy,|2 — 0, (3.16) vanishes for b = W,,. This proves (3.15)
without asserting membership in a stronger noncollapsed covariant Sobolev class.

4 From spectral derivations to isometric flows

Proposition 4.1 (Integration of a spectral Killing derivation). Let (Z,dz,v) be a compact
RCD(K, N) space with full-support probability measure, and let b € L>°(TZ) satisfy

divb =0, D™y = 0, b(ker(L — X)) Cker(L —\)  for every A. (4.1)

Then b integrates to a continuous one-parameter group ®; € Iso,(Z). If By is the restriction of b
to ker(L — \), its Koopman group satisfies

Uf:=fod, =eBrf forfe ker(L — \). (4.2)



Proof. The equality D™b = 0 is understood in the Ambrosio—Trevisan sense: the bilinear
deformation functional in (3.16), with v in place of m, has norm zero. The structural assumptions
on the algebra, the LP-I" inequalities, and the distance required by Ambrosio—Trevisan hold on
a compact RCD(K, N) space; see [2, Sections 6 and 9.6]. For existence we apply [2, Theorem
4.3] with r = co. For uniqueness we apply [2, Theorem 5.4] with ¢ = 2 and r = s = 4, so that
¢ ' +7r71 4571 = 1; the deformation term is zero. Since v(Z) < oo, every nonnegative solution in
the L class required by [2, Theorem 8.3] belongs to this uniqueness class. Theorem 8.3 therefore
gives unique regular Lagrangian flows for b and —b on every bounded time interval.

For the initial datum ug = 1, the constant curve u; = 1 is a solution because divb = 0. The
density of (®;)xv is another solution with the same initial datum; uniqueness gives (®;)xv = v,
and similarly for the flow of —b. Autonomous uniqueness, applied also after time translation and
to the field —b, gives, initially modulo null sets,

Dpis=Ppods, D=0,  (D)pr=vr. (4.3)

Thus Uy f = f o &, is positive and multiplicative and is an isometry on every LP.
Let e1,...,e, be a real orthonormal basis of Hy := ker(L — \), and write be; = >, (B))jkex-
The RLF chain rule gives in L?(Z)*

d
Ve = Ui(bes) =D (Br)jrUser. (4.4)
k

This finite-dimensional constant-coefficient ODE proves (4.2). Integration by parts shows that
(Baf)s = [Of)hdv =~ [ f6h) dv = ~(f. Bah)a, (45)
so e!Bx is orthogonal. Expanding in the discrete spectral resolution,

NUefll2 = || fll2, EUf) = E(f), UL = LUy. (4.6)

For bounded f,h € WH2(Z),

[RT() dv = €700 - SEG ). @)
Using multiplicativity and (4.6) in (4.7) gives
DU f) = UL(f) v-a.e. (4.8)

If f is Lo-Lipschitz, then T'(f) < L2; the Sobolev-to-Lipschitz property and (4.8) give an Lo-
Lipschitz representative of U, f.

Choose a countable dense set {z;} C Z and put r; = dz( -, z;). On one conull dense set, the
chosen one-Lipschitz representatives of U;r; agree with r; o ®;. Hence

dz(®rx, Dry) = sup |rj(Psx) — rj(Pey)| < dz(2,y). (4.9)
J

Carry out the preceding argument first for ¢ € Q. Equation (4.9), applied to ¢ and —¢q, and the
rational inverse identity extend these maps to mutually inverse isometries of Z. Intersect the



corresponding full-measure sets, also including the rational group identities. The RLF upper-speed
estimate [2, Lemmas 7.4 and 9.2] gives on this common set

dz(®qx, ®pz) < [|bllclg—7|  (¢,7 € Q).

The rational-time maps extend to isometries, so the same inequality holds for every x € Z. Thus
q — @, is Cauchy in the uniform metric as ¢ — ¢; define ®; to be its uniform limit. The rational
group and inverse identities pass to the limit, and

supdz(Pix, Psz) < ||b|oolt — s

xeZ
For each fixed ¢, this extension agrees v-almost everywhere with the original RLF time-t map, by
continuity of almost every RLF trajectory and rational approximation. Hence it preserves v and
still satisfies (4.2). The last display and the isometry property give joint continuity in (¢,z). O

Applying theorem 4.1 to (3.15) and (3.13) produces a measure-preserving isometric flow @}
for every u € E.
These one-parameter groups fit together into a Lie-group action. On the finite spectral core,
theorem 3.4 gives
(W, Wo ] = Wy - (4.10)

For each Laplace eigenspace H), the operators By (u) := Wy,| g, therefore form a finite-dimensional
skew representation of E. Let Gg be the simply connected Lie group integrating F. These
representations integrate uniquely to orthogonal representations py : Gsc — O(H) ), whose Hilbert
direct sum is a unitary representation on L%(X).

Every element of Gs. is a finite product of exponentials. By (4.4), its unitary operator is
the corresponding finite product of the actual Koopman operators from theorem 4.1, hence is
pull-back by a measure-preserving isometry of X. If two exponential products represent the same
group element, their pull-backs agree on every eigenspace, hence on the dense spectral core and
on L?(X); full support then makes the two continuous isometries equal pointwise. Thus the
isometry is independent of the product. Local product-of-exponentials coordinates and continuity
of the one-parameter flows make the resulting action continuous.

Let T, denote the isometry whose pull-back is p(g). Since pull-back is contravariant,

Tgh = Th o) Tg.

Thus g — T, is an antihomomorphism. To use the standard Lie algebra convention for Isom(X),

set
d

dtl—g
The differential of an antihomomorphism is a Lie-algebra antihomomorphism, so the extra minus
sign makes 7 a homomorphism. Moreover,

J(u) = Toxp(—tu) € LieIson(X).

kery={u e E: W, =0}, €XPlsom (X) (ty(u)) = L.

After the ghost—visible splitting is introduced in (5.2), we identify the faithful algebra v with
J(v) C Lielson(X). All brackets and adjoint actions below use this identification. We retain
the convenient notation e;(u) = W, (z); the sign is immaterial for speeds and kernels, and the
transported identification gives (6.6) with its displayed sign. The image is an analytic subgroup,
not necessarily closed, and its compact closure will be used whenever closedness is required.



Lemma 4.2 (A common speed set). Let g be finite dimensional and let & — be € L*(TZ) be
linear, with
1belloo < CiE]- (4.11)

Assume the flows supplied by theorem 4.1 fit together into a continuous left or right action of a
connected Lie group. There is one conull Borel set Z, such that, for all x € Z, and all £ € g,

dy(®fz,x) _
Ne) o= lim L — o). (1.12)
On this set,
be(z) =0 <= <I>§:L‘ =z for everyt € R. (4.13)

Proof. Fix £ € g and put

a5

(h) = dz (%, ).

For almost every z, the RLF curve v,(s) = ®x is absolutely continuous. The metric-velocity
identification [2, Lemmas 7.4 and 9.2] gives

192|(s) = ]bg](@gx) for a.e. (z,s). (4.14)
The group law and isometry property also give

dz(2(s + h),72(s)) = a5 (h), (4.15)

so the difference quotient is independent of s. The metric derivative exists for almost every s;
hence

— lim %)

exists for almost every x. Whenever it exists, stationarity also gives N, @,éx(g) = N,(&). By
Fubini, choose sg such that for almost every x the metric-velocity identity holds at sg. Then
Ny (&) = |be|(®5,2) for almost every x. Stationarity and (94, )xv = v, followed by the change of
variables y = @3 x, give

Ny(&) = |be(y)| for v-a.e. y.

Here we choose this precise representative of |bg|.

We now make the exceptional set independent of £&. Choose a basis of g, simultaneous
fiber representatives of the corresponding fields, and a countable dense rational subspace gg.
Intersecting the preceding full-measure sets for £ € gg gives a conull Borel set Z,. The RLF
upper-speed bound and (4.11) give, first almost everywhere and then everywhere by continuity,

dz(®%y,y) < Clt][|¢]l- (4.16)

In local product-of-exponentials coordinates this makes every orbit map locally Lipschitz in the
group variable, uniformly in the base point. Thus, for £,7 in a fixed bounded set and small ¢,

dz(®jz,x)  dg(lw,2)| _ dz(®jz, D]
] T (4.17)

< CRH& - 77”’

10



because dg(exp(t€),exp(tn)) < Crlt||| —nl|. The difference quotients are therefore equi-Lipschitz
in £. Rational approximation proves simultaneously that the limit exists and equals |b¢ ()| for
every x € Z, and every £ € g.
If the flow fixes x, then N,(§) = 0. Conversely, put a(t) = dz(éfzn,:c). If N,(§) = 0, then for
every 1" and positive integer m, the group law and isometry property give
a(T/m)
T'|/m

a(T) <ma(T/m) = |T| — 0. (4.18)

Hence <I>£T:z =z for every T. O

5 The ghost eigenspace

The bracket (3.6), restricted to E, makes E a finite-dimensional metric Lie algebra. Indeed,
Jacobi follows from theorem 3.4, and (3.8) gives

({u,v},w)r2 = — (v, {u, w}) . (5.1)
Define
Ko={u€e E:ADu=0}, v=KiCE. (5.2)
Since {u,v} = 0 whenever u € Ky, the space Ky is central. If u,v € v and k € K, then
{u, v}, k)o = —(v,{u,k})s = 0.

Thus v = Kd‘ is a Lie ideal. With the restricted L?-inner product it is a compact metric Lie
algebra, and its realization by the fields W, is faithful.

5.1 Ghost gradients commute
Lemma 5.1. If u,v € Kg, then

[Du,Dv] =0 m-a.e. (5.3)
Proof. Choose spectral recoveries u;, v; in the band [2,2 + o(1)], and put

Pi = <J¢Dui, D’U7;>.
Since ADu = ADv = 0, theorem 3.2 gives p; — 0 strongly in L2. Apply (3.12) with Y; = J; Du;,
¢ = pi, and L;v; = 2v; + s;, where |[|s;]|2 — 0. Uniform gradient bounds and ||S,||2 — 0 give
1Dpil3 < 2[lpsl13 + o(1)[| Dpill2,
and hence
| Dpil|2 — 0. (5.4)

Let H,,, H,, denote the Hessians as self-adjoint endomorphisms. Direct differentiation of p;

gives the exact identity
Dpi — Jz [Dui, Dvi] = (Hvi JZ — JZHW)DUZ (5 5)
— (HulJz — JzHu,)sz ’

The two commutator terms have L?-norm tending to zero by (3.1) and (3.3). Together with (5.4)
and the orthogonality of J;, this yields

Weak Hessian convergence and strong gradient convergence identify the weak limit with [Du, Dv]
by the second-order stability of spectral recoveries [1, 12], proving (5.3). O

11



5.2 A matrix-square-root estimate

The following lemma is the quantitative core of the ghost estimate.

Lemma 5.2 (Commuting-gradient matrix lemma). Let ui,...,up € ker(Lx — 2) be L2-
orthonormal. Assume
[Du;, Dujl =0  for all i, 7, (5.6)
and
rank span{Du;(z), ..., Dup(x)} <r for a.e. x. (5.7)
Then
M < 2r. (5.8)

Proof. Define
T,:T,X — RM, T (€) = (duy(€),. .., dup(€)),

and
G, =T, T},  F,=GY2 (5.9)

Since f<DuZ, Du]‘> dm = 252‘3‘,
/ G dm(z) = 2Ty, / |Fy |2 dm(z) = 201, (5.10)
X X
The entries G;; = I'(u;, u;) belong to WH2(X). For € > 0, the map

®(B) = (B +el)'/?

is smooth on the open set {B € Sym,; : B > —el}, which contains the essential range of G.
Hence the matrix-valued Sobolev chain rule applies to F, = ®.(G). We estimate its differential
uniformly in e.

We first prove

M
/X |DF |3 dm < Z/X | Hess u;|? dm < 2M. (5.11)
j=1

For the last inequality, choose simultaneous orthonormal spectral recoveries u;; — w;j, with
eigenvalues f1;; — 2. The smooth Bochner identity and Ric(g;) > g; give

2 2
/ | Hess w;;|* dm; < pj; — g

3

Weak Hessian convergence and lower semicontinuity therefore yield
/ | Hess uj|? dm < lim inf(u?i — i) = 2.
X 1—>00 ’

For the first inequality, use measurable orthonormal module frames. At almost every point
choose singular-vector frames for T', and write s = rank T}, so that

Tja:Uj(sja, 0'j>0 (1§j§8),

while Duj(x) = 0 for j > s. We evaluate the already defined differential in these pointwise frames;
no differentiation of the chosen frames is involved.

12



If ¢ < s < j, the commuting-gradient identity gives

Consequently DgG;; = 0; the same conclusion is immediate when 4,7 > s. Thus DG, and hence
DF, has no entries joining the positive spectral subspace of G to its kernel.
It remains to consider 1 < 1,5 < s. For a tangent direction eg, put

C’jﬂa = (Ve T)jo = Hessuj(eg, eq)-

Then
D,BGij = Ciﬁjo-j + chﬁ
The commuting-gradient identity gives

ijaj = 0;C”

i (5.12)

Hence DgGjj = 205-0]-. Differentiating F2 = G + €I gives a Sylvester equation, and therefore
20503'

,/a§+e+\/%’

while every entry involving the kernel of G vanishes. The diagonal terms are bounded by (05)2
Pairing the (7, j) and (j,7) terms and using (5.12), the required estimate reduces, after setting
t=o04/0j, to

(DsF.)ij = 1<i,§<s, (5.13)

8 14t (5.14)
(1412~ ' ’
There is no hidden estimate here:
1+t (A +1)2 =82 = (t— 12>+ 4t +1) > 0. (5.15)

The denominator in (5.13) only increases when € > 0. Summing over i, j, 5 gives
|DF. |} < |VT|? = Z | Hess u;|*.
J
The matrices F. converge pointwise and strongly in L? to F, while the displayed estimate gives a
uniform W2 bound. Weak lower semicontinuity as e | 0 proves that F € W2 and yields the

first inequality in (5.11).
Let

F= / F, dm(z).
X
The Poincaré inequality with sharp constant A\ (X) = 2, applied entrywise, and (5.11) give
2/ |F — Flgg < / |DF|fig < 2M.

Using (5.10),
P2 = 2M — / |F — Flig > M. (5.16)
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Let P, be the support projection of F,.. Define operators
A:RM — L2(X;RM) (Av)(z) = Py,

C:RM — L2(X;RM),  (Cv)(x) = Fyv.
Since P, F, = F, P, = F,,

CA=AC=F, CC=2Ly, AA= / P, dm. (5.17)
X

Therefore

F? = A*CC*A < |[C|2A"A = 2/X P, dm.
Taking traces and using (5.7),
|F|3g < 2/X rank P, dm < 2r. (5.18)
Combining (5.16) and (5.18) proves (5.8). O

5.3 The vertical-rank lemma

Lemma 5.3 (Local harmonic splitting recoveries). Let R4(X) be the d-reqular set of X. After
one further diagonal subsequence, there are countably many points x, € X, radii rp > 0, Borel sets

V, C By, (x), m(Rd(X) \ G w) =0,
/=1

and harmonic maps
hy = (h%, R ,h?) : Bgré($3) — Rd

with the following properties. For suitable x¢; € M; converging to xy, there are smooth harmonic
maps
hgﬂ‘ = (h%,z” e 7hg,i) : BQW (:L'gﬂ‘) — Rd

such that, for every fized £,
(a) hei — hy locally uniformly and strongly in W12;
(b) on the concentric ball of radius 3ry/2,

supmax (|| Dhg; | (5,,, (e + I Hess Wil L2y, o(wgm) ) < 00
KA

(c) if
GoY = (Dhg,, DR}, GiP = (Dhg, Dhf),

then Gp; — Gy strongly in local LP for every finite p, and G¢(x) is positive definite for
m-almost every x € V.

Proof. This is the standard local harmonic-splitting construction on the regular set of a Ricci
limit. At almost every d-regular point, choose a scale at which the ball is arbitrarily close to a
d-dimensional Euclidean ball, construct a harmonic splitting map on a slightly larger ball, and
take its smooth harmonic recoveries on M;. Interior gradient bounds and the cutoff Bochner
estimate give (b). Strong W12-convergence of the harmonic functions, together with the uniform
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Lipschitz bound, gives the asserted LP-convergence of their Gram matrices. Choose the splitting
accuracy along a sequence ¢ | 0. On each selected ball retain the subset on which the Gram
matrix of the normalized splitting map has smallest eigenvalue at least 1/2; the complement
has relative measure O(gg). A countable Vitali selection, followed by diagonal exhaustion as
k — oo, produces Borel sets V; covering R4(X) up to an m-null set. These are the standard
harmonic-splitting, rectifiability, and second-order compactness results of [6, 11, 12, 1]. O

Lemma 5.4 (Ghost gradients are vertical). Let

rqy = esssup rank span{Du(z) : u € Ko}. (5.19)
reX

Then
rg < c=2n—d. (5.20)

At every point where A, and the ghost gradients have Lebesgue values,
rank span{Du(z) : u € Ko} < dimker A,. (5.21)

Proof. The second assertion follows immediately from ADu = 0: at every common Lebesgue
point, the span of the ghost gradients lies in ker A,. We prove (5.20).

Fix u!,...,ut! € Kj. It is enough to show that their gradients are linearly dependent almost
everywhere. Fix a chart from theorem 5.3, suppress its index, and write

V CB.(x), h= (..., By (x) — R
Let h; be the corresponding harmonic recoveries and let i be spectral recoveries of u®. Set
78 = J;Dug, to = (28, DhY), i 5= (Dh¢, D). (5.22)
On Bs, /5(xi), the local form of (3.9) gives
|DQ: | < Lip(h$)| Hess u?| + Lip(u$)| Hess .

The bounds in theorem 5.3 and the spectral recovery bounds therefore make Q°,, locally bounded
in W2, Local Rellich compactness gives strong L?-precompactness on B,.(x;). All convergences
here are local on B, € Bz, , or equivalently are tested after inserting compatible cutoffs equal to
one on B,. Weak tensor convergence of J;, together with strong convergence of Du{ and DA,
identifies every weak limit as

(ADu®, Dh*) = 0.

Thus the whole sequence satisfies
Q; — 0 strongly in L*(B,). (5.23)
Fix 0 < n < 1/2 and define
iy = { Amin(Gi) > 1, Amax(Gi) <71} (5.24)

On this set let P; be the orthogonal projection onto span{Dh}, e ,Dh?}. The Gram matrix of
the horizontal parts of the Z{’s is

H; := ((BZ{, BiZ})), = QG Q7. (5.25)
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Consequently
1Hill 1,y <0 1Qill725,) — O

Put V* = Z¢ — P, Z on Q;,, and denote the Gram matrices of the Z{'’s and V;*’s by R; and
Si, respectively. The V%’s lie in the orthogonal complement of a d-dimensional subspace of T'M;,
which has dimension 2n — d = ¢. Hence det S; = 0. Since R; = S; + H;, all entries are uniformly
bounded, and the determinant is Lipschitz on bounded subsets of Sym_,, we obtain

|| det RiHLl(Qz‘,n) — 0.

Orthogonality of J; gives
R® = (Z{,72}) = (Duj, Duf). (5.26)

We finally pass from the moving sets €2;, to the limit. Choose a continuous function
Xn - SymgO — [0, 1] which is one when

Amin > 2777 Amax < (277)_17
and zero when Apmin <7 0 Amax > 1~ 1. Then xn(G;) is supported in €2, so
Xy(Gi)det R; — 0 strongly in L'(B,).

By theorem 5.3, x,(Gi) = x»(G) strongly in every finite LP. The spectral gradients converge
strongly in L? and are uniformly bounded; hence the entries in (5.26), and therefore their
determinants, converge strongly in every finite LP. It follows that

xn(GQ) det((Du“,Du%)Ztlzl =0 m-ae. on B,.

The matrix G is positive definite almost everywhere on V. Letting n | 0 proves that the last
determinant vanishes almost everywhere on V. The sets V; cover the d-regular set up to a null

set, and that regular set has full measure. Thus Du!, ..., Du‘t! are linearly dependent almost
everywhere on X. Applying this conclusion to the finitely many (c 4 1)-subsets of a basis of the
finite-dimensional space Ko proves ry < c. O

Choose a point x in the positive-measure set on which the integer-valued ghost rank equals
rg, and also in every conull good set used below. Write

rank A, = 2a, z =dimker A, = d — 2a. (5.27)

Then 4 < min(c, z). Applying theorem 5.2 to an orthonormal basis of K, using theorem 5.1,
gives the first principal dimension bound:

dim Ky < 2ry < 2min(c, 2). (5.28)

6 The visible Lie algebra

Let H be the connected analytic subgroup generated by v inside Ison(X), and let

K=T1. (6.1)
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The group K is compact and connected. The subgroup H need not be closed; only its closure is
used as a compact transformation group. Every element of H preserves m. If h; € H converges
uniformly to k € K, then for every ¢ € C(X),

/¢okdm:11m poh; dm:/de.
X X

J—7ooJX

Thus K also acts by measure-preserving isometries, and the principal orbit theorem [9] gives a
conull principal set. Density and Ady v = v give

v <t := Lie K. (6.2)

Choose z as at the end of the preceding section, and additionally so that it is d-regular,
K-principal, belongs to the common speed set of theorem 4.2, and is a Lebesgue point for every
finite Gram and bracket matrix used below. Put

ex 0 — Ty X, ex(u) = Wy(x),

h=kere, =vNEt, D = ez(v), k = dim D. (6.3)
The equality ker e, = v N ¢, follows from (4.12)—(4.13).

Lemma 6.1 (Visible dimension at a principal point). If rank A, = 2a, then

‘dimn < a® + 2a. ‘ (6.4)

Proof. For g € K, define
Ry(eyu) = ex(Adgu).

This is well-defined because conjugation carries a flow fixing = to a flow fixing . The pointwise
norm on D, not merely the L?-norm on potentials, is K, -invariant:

lex(Adgu)| = Ny (Adgu)

d(gexp(su)g~— 'z, ) Ny (u) = [esu] (6.5)

= lim
s—0 [s]

Differentiating gives an orthogonal isotropy representation
p:h—so(D), p(z)esu = exlz, ul. (6.6)
This representation is faithful. Choose an Adg-invariant inner product on ¢ and let
_ _ 1
v=hHhPm, m=v0Nh".

Then e, : m — D is an isomorphism. Since h is a Lie subalgebra and the inner product is
invariant,
([z,w], 2"y = —(w,[2,2']) =0 (2,2 €h, wem),

and therefore [h, m] C m.
Let n =kerp. If z € n and w € m, then

e[z, w] = p(z)e,w = 0.
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Thus [z, w] € b; by the preceding inclusion it also belongs to m, so [z, w] = 0. Moreover, p is a
Lie-algebra homomorphism, and hence

o1, 2)) = (o)), p(x)] =0 (< €b, z€n).

It follows that [h,n] C n, and therefore n<v.

Consequently Adgy n = n, and continuity of the adjoint action together with the density of H
in K gives Adg n = n. The chosen point z is principal. For every other principal point y, there is
g € K such that K, = gK,g~ ' thus

n=Ad,;nC Ad,t, =¢,.

The principal set is conull. Hence, for every z € n, the isometry exp(tz) fixes a conull, and
therefore dense, subset of X for every t. It is the identity isometry, so its infinitesimal field is
W, =0. Thus z € KoNv = {0}, proving n = 0.

For u,v € v, define a two-form on D by

ox(equ, egv) = {u,v}(x). (6.7)

It is well-defined. Indeed, if z € b, then ®}x = x, whereas t — Ufv € E is C' in the finite-
dimensional Lipschitz eigenspace. Therefore

(o)) = 5| W) =0 (6.8)

Jacobi and (6.8) give
oz (p(2)p, q) + 0x(p, p(2)q) = 0. (6.9)

Let R = Ran A, so dim R = 2a, and let Ap = Ay|g. The skew map Apg is invertible and
D C R. For p= A, Du and q = A;Dv, the R-component of Dv is PrDv = AI_%lq. Therefore

oz(p,q) = (A Du, Dv) = (p, PRDv)

B B (6.10)
= <p7AR1Q> = <_AR1p7 Q>
Thus the skew-adjoint operator representing o,|p is
C = Pp(—AxY)|p € so(D). (6.11)
Equations (6.6) and (6.9) imply
p(h) - Zso(D)(C)' (6'12)
Write
rank C' = 2b, t = dimker C, k=2b+t. (6.13)
The form
is symplectic on R, and
kerC' = DN DY
Since dim D = 2a — (2b + 1),
t<2a—(2b+1t), b+t<a. (6.14)
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If the distinct positive singular values of C' have complex multiplicities my, ..., mg, with 3°;m; = b,
its orthogonal normal form gives

Zyo(p)(C) Z s0(t) © ED”(W)

By faithfulness of p,

dimhgt(tl)jLZm?gW;lub?. (6.15)
Consequently,
dimv =k +dimb
<420+ t(t;rl)
<(b+t)2+20b+1) <a®+ 2a,
which proves (6.4). O

Corollary 6.2 (Full-rank refinement). Suppose dimRan A, = 2n. If k = dim D < 2n, then
dimo < n?. (6.16)
Proof. Retain b,t from (6.13). If t =0, then b <n — 1, and
dimo < % +2b < n® — 1.

Ift > 1, set s =b+t <n. The right side obtained from (6.15) is

tt+1
F(s,t)=(s—t)> +2(s—t) + (;r)
3 3
2 2
= 2s — 2st + —t* — —t.
§°+2s 5+2 5

For fixed ¢, this is increasing for s > ¢, and therefore
2 2 3
Fs,t) —n? < F(n,t) —n® = (t— 1) (2t - Qn) <0,

because 1 <t <n. O

7 Collapse is impossible
At the selected point x, combine (5.28) and (6.4):

dim F = dim Ky + dim v
< 2min(c, 2) + a® + 2a (7.1)
< c+z+a2+2a.

By (2.7) and (5.27),
c+z=02n—d)+ (d—2a) =2(n—a),
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SO
dim E < a® + 2n. (7.2)

If ¢ > 0, then ¢+ z = 2(n — a) is a positive even integer. Hence a < n — 1, and
dmE < (n—1)%4+2n=n>+1<n+3.
This contradicts (2.6). We have proved

d=2n. (7.3)

8 Identification of the noncollapsed limit

8.1 Full visible orbit rank

The essential dimension in (7.3) agrees with Honda’s Ricci-limit dimension. Since it equals 2n,
the dimension of every approximating manifold, the sequence is noncollapsed in Honda’s sense.
Thus [12, Theorem 6.19] applies to the weak tensor limit A:

J; — A strongly in L?, VA =0, A*A =1, A2 =T (8.1)

In particular, rank A = 2n almost everywhere.
Since ¢ = 0, theorem 5.4 gives 14 = 0, and (5.28) gives

Ky=0, dimv=dimE >n?+3. (8.2)

Choose a principal common-speed point at which rank A = 2n. If dime,(b) < 2n, theorem 6.2
would imply dim b < n?, contradicting (8.2). Therefore

dimeg(v) = 2n. (8.3)

8.2 A full-dimensional orbit has positive measure

We give the metric argument explicitly, because a full-dimensional orbit is not automatically open
in a nonsmooth space.

Lemma 8.1 (Positive-measure orbit). Let Z be a compact metric space, V a finite-dimensional
connected Lie group, and v : V — Iso(Z) a continuous homomorphism. Suppose:
(a) the orbit map is locally Lipschitz in the V -variable;
(b) for every £ € v,
d(c(exp(s§))x, x)

i ] = leatl;
(c) ranke, = dy.
Then
HP (L (V)x) > 0. (8.4)
Proof. Let

Ve={9€V:ug)x=x}.
It is a closed Lie subgroup. By the zero-speed implication (4.18),

Lie(Vy) = kere,. (8.5)
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Hence dim(V/V,) = dp.
Choose an injective smooth quotient chart 1 : Q@ — V/V,, where Q C R% is a small cube,
and a smooth local lift s : Q — V. Define

F:Q— Z, F(t) = u(s(t))z. (8.6)
The map is Lipschitz by (a), and injective because v is injective. Let
ni(v) = (dLs(t)—l)s(t) (dsyv) € v. (8.7)
The induced map 7; : R% — v/ Lie(V,,) is an isomorphism. Smooth Lie-group calculus gives
s(t) " Ls(t + rv) = exp(rny(v)) gy, dy (gr,e) = o(|r]). (8.8)

Local Lipschitzness of the orbit map turns the g-term into an o(|r|) displacement. Isometric
invariance and the speed formula therefore give

i ACE(t 4+ r0), F(1))

r—0 ‘r|

= lexm (V)] (8.9)

Kirchheim’s metric differentiability theorem [13] applies to F. At almost every ¢, compare its
metric differential first on a countable dense set of directions with (8.9), and then use continuity
in v, to obtain

md Fy(v) = |ezn(v)] (v € R®). (8.10)

This is a norm. Indeed, if its value at v is zero, then n:(v) € kere, = Lie(V;); since 7 is an
isomorphism, v = 0.
Shrink the quotient chart so that @) has compact closure in its original domain. The function

(t,v) — lexn:(v)|

is continuous and positive on Q x S%~!. Its minimum is therefore a positive number ¢, and for
almost every t € Q,
md Fy(v) > co|v| (8.11)

for all v € R%. Kirchheim’s area formula and injectivity of F' now yield
219 (F(Q)) = / Jgy(md F) dt > ¢ £%(Q) > 0.
Q

O]

We verify the local Lipschitz hypothesis for H. Choose a basis ui,...,u, of v. Finite
dimensionality and the uniform eigenfunction gradient estimate give |Wy|loo < C||ul|. Hence
(4.16) gives

d(®fy,y) < Cltf [l (y € X).

In canonical product-of-exponentials coordinates, a telescoping argument, using that each factor
acts isometrically, makes every orbit map locally Lipschitz with a constant uniform in the base
point. Applying theorem 8.1 to H, with dy = 2n and (8.3), gives

H?*™(Hz) >0,  H*™(Kz)>0. (8.12)
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8.3 Homogeneity and the exact rigidity theorem

Since the essential dimension equals the synthetic upper dimension 2n, [3, Theorem 2.20] gives
weak noncollapse, and [3, Theorem 1.3] upgrades it to

m=CH™ (8.13)

for some C' > 0. Thus (8.12) implies m(Kz) > 0. As recorded after (6.1), K is a closed group of
measure-preserving isometries. Proposition 5.10 of [14] now gives

Kz =X. (8.14)

By [14, Proposition 5.13], the homogeneous RCD metric space (X, d) is isometric to a smooth
homogeneous Riemannian manifold. The K-invariant probability measure on K /K, is the push-
forward of normalized Haar measure and is unique. Since both m and normalized Riemannian
volume are K-invariant, they are proportional.

On this smooth manifold, A € L*(T}X) satisfies VA = 0 distributionally by (8.1). In
smooth local coordinates this is a linear first-order system with smooth coefficients, so A agrees
almost everywhere with a smooth parallel tensor. The identities A*A = I and A2 = —I then
hold everywhere. Thus A is a parallel orthogonal almost-complex structure; its Nijenhuis tensor
vanishes and its fundamental two-form is parallel, so (X, g, A) is Kéhler. Because m is proportional
to Riemannian volume, the smooth interpretation of RCD(1,2n) gives Ricy > g. Finally, (2.6)
says that Lx has at least n? + 3 real 2-eigenfunctions. In the complex normalization,

)‘n2+3(_AwA) =1
The exact rigidity theorem [7, Theorem 1.6] therefore yields
(X,9,A) = (CP",wepr, Jsta) biholomorphically and isometrically. (8.15)

9 Return to the approximating manifolds

The normalized measures in (2.5) do not by themselves determine the absolute volumes. However,
that convergence includes the underlying Gromov—Hausdorff convergence, and we now know
that its limit is smooth and has the same real dimension 2n as the approximating manifolds.
Colding’s volume convergence theorem [8], applied at this point, therefore gives convergence of
the unnormalized Riemannian volumes:

vol(M;, w;) — vol(CP", wepn). (9.1)
Set Wi wepr
ni:m, Wps = PR (9.2)
The Ricci form is unchanged by constant scaling, so
Ric(n;) > (n+ 1)n, vol(M;, n;) — vol(CP", wgg). (9.3)

Zhang-Liu use Vol(M,w) = [,; w"™ = n! voly(M); hence (9.3) gives the same convergence in their
convention. For all sufficiently large i, the volume-gap theorem [15, Theorem 1.3] implies

M; ~ CP" biholomorphically. (9.4)

At the same time, (2.5) and (8.15) give
deu((M;,w;), (CP™, wepn)) — 0. (9.5)
Equations (9.4)—(9.5) contradict (2.3). This proves theorem 1.1. O
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Dependency audit

For clarity, the proof does not rely on any of the following statements:

The

strong convergence of J; in the collapsed regime;

preservation of the tensor A by visible flows in the collapsed regime;

closedness of the analytic subgroup H;

the assertion that a full-dimensional orbit is open;

convergence of unnormalized volumes from normalized pmGH convergence alone.
replacements are, respectively: strong scalar bracket compactness; the intrinsic two-form o,;

passage to K = H; the quotient-chart/area-formula argument; and Colding’s volume convergence
after noncollapse and smoothness of the limit are known.
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